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3. Fluid Statics
Fluid statics deals with that portion of fluid mechanics where fluids
are at rest or they are moving at a constant velocity, i.e. there is no
acceleration. The primary tools developed from study of fluid
statics are the basic equations of hydrostatics. The basic
equations of hydrostatics state that pressure varies linearly with
depth. The rate or degree to which the pressure varies with depth
depends upon the specific weight of the fluid. A second less used,
but no less useful, equation is that the pressure everywhere within
a horizontal plane is the same – as long as the fluid is the same.
The sections which follow present derivations of the basic
equations of fluid statics. The basic equations of fluid statics are
used to derive expressions that can be used to quantify hydrostatic
forces. Examples of use of the basic equations of hydrostatics are
presented.
3.1.

Hydrostatic Pressure

A liquid that is not accelerating will exert a pressure on the surface
in which it is in contact. Consider the control volume of liquid shown
in the figure below. Pressure, otherwise known as a normal stress,
acts perpendicular to each of the surfaces that are in contact with
the fluid. From physics, pressure acting over an area produces a
force as shown in the equation below.
𝐹 = 𝑃𝐴
Eq. (2- 18)

Where:

P – Pressure (lb/ft2, N/m2)
F – Force on Area A (lb, N)
A – Area (ft2, m2)
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Figure 2- 20

Let’s apply Newton’s 2nd Law to the control volume shown in Figure
2- 20 above.
∑𝐹 =

∑𝐹 =

∑𝐹 =

Eq. (2- 19)

Let’s look at the X-direction first. Using the Product Rule from
Calculus, the sum of the forces in the X-direction equals:

𝐹 =

𝑑𝑀
𝑑(𝑚𝑉 )
𝑑𝑉
𝑑𝑚
=
=𝑚
+𝑉
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡

Eq. (2- 20)
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In order for the mass of the control volume to change with time: 1)
the density would change over time, 2) the size of the control
volume would change over time or 3) both the density of the fluid
and the size of the control volume would change over time.
Assuming that the fluid is incompressible, then the fluid density
would remain constant. Further assuming that the control volume
size does not change over time, then dm/dt = 0. We now have:
𝐹 =𝑚

𝑑𝑉
= 𝑚𝑎
𝑑𝑡

Eq. (2- 21)

If we further assume that the control volume is not accelerating,
then the time derivative of velocity is zero. Thus the sum of all the
forces equals zero if 1) the fluid is incompressible, 2) the size of the
control volume does not change and 3) the velocity of the fluid – if
it moves at all – is constant. This gives us a static condition:
𝐹 = −𝐹

,

+𝐹

,

=0

Eq. (2- 22)

Note that the forces are vectors and therefore have a direction
associated with them. F1,X is negative since the direction of this
force is in the negative X-direction. Using Eq. (2- 18) to express
force in terms of pressure and area we have:
−𝑃 , (∆𝑌∆𝑍) + 𝑃 , (∆𝑌∆𝑍) = 0
Eq. (2- 23)

We can express the pressure at the left and right face of the control
volume by using a 1st Order Taylor Series expansion of the
pressure about the centroid. Recall from Calculus that a Taylor
© 2002-2022 WaterWare Consultants. All rights reserved.
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Series expansion of a function about some initial point, X 0, can be
expressed as:
𝐹 (𝑋) = 𝐹 (𝑋 + ∆𝑋)
1 𝑑𝐹(𝑋 )
1 𝑑 𝐹(𝑋 )
∆𝑋 +
∆𝑋
1! 𝑑𝑥
2! 𝑑𝑥
1 𝑑 𝐹(𝑋 )
1 𝑑 𝐹 (𝑋 )
+
∆𝑋 + ⋯
∆𝑋 + 𝑂(𝜀)
3! 𝑑𝑥
𝑁! 𝑑𝑥
= 𝐹 (𝑋 ) +

A 1st order Taylor Series expansion drops all the terms higher than
the first derivative term. The 1st order Taylor Series expansion for
pressure about the centroid of the cube is:
− 𝑃 +

𝑑𝑃 Δ𝑋
𝑑𝑃 Δ𝑋
(Δ𝑌Δ𝑍) + 𝑃 −
(Δ𝑌Δ𝑍) = 0
𝑑𝑥 2
𝑑𝑥 2

Eq. (2- 24)

Notice that the two PC terms cancel with one another. Combining
the remaining two terms we obtain:
−2

𝑑𝑃 Δ𝑋
(Δ𝑌Δ𝑍) = 0
𝑑𝑥 2

Eq. (2- 25)

The same general approach used above can also be applied to the
control volume in the Y-Direction. Eq. (2- 25) can be simplified to
the expression below. What the two expressions below state is
that the pressure everywhere within a horizontal plane is the same.
In other words, pressure does not vary within a horizontal plane.
𝑑𝑃
=0
𝑑𝑦

𝑑𝑃
=0
𝑑𝑥

Eq. (2- 26)
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Now we apply the approach above to the Z-Direction. As before
we express the hydrostatic force at the top and bottom of the
control volume in terms of the pressure at these faces and the area
of the face. Also note the presence of the weight of the control
volume.
𝐹 = −𝐹 , + 𝐹 , − 𝑊 = 0
Eq. (2- 27)

The weight is expressed in terms of the specific weight of the fluid
and the size of control volume.
− 𝑃 +

𝑑𝑃 Δ𝑍
𝑑𝑃 Δ𝑍
(Δ𝑋Δ𝑌) + 𝑃 −
(Δ𝑋Δ𝑌 ) − 𝛾 (Δ𝑋Δ𝑌Δ𝑍) = 0
𝑑𝑧 2
𝑑𝑧 2

Eq. (2- 28)

Note that the PC terms cancel one another out. So we now have:
−

𝑑𝑃 Δ𝑍
𝑑𝑃 Δ𝑍
(Δ𝑋Δ𝑌) −
(Δ𝑋Δ𝑌) − 𝛾(Δ𝑋Δ𝑌Δ𝑍) = 0
𝑑𝑧 2
𝑑𝑧 2

Eq. (2- 29)

Adding the two halves of the Z term gives:
−

𝑑𝑃
(Δ𝑋Δ𝑌Δ𝑍) − 𝛾 (Δ𝑋Δ𝑌Δ𝑍) = 0
𝑑𝑧

Eq. (2- 30)

Simplifying the expression above we obtain:
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𝑑𝑃
= −𝛾
𝑑𝑧
Eq. (2- 31)

We can now integrate Eq. (2- 31) above to develop the basic
expression of fluid statics. These steps are shown below. Notice
that we assume that the specific weight of the fluid does not vary
within the vertical plane. In other words, we assume that the fluid
density is constant.

𝑑𝑃 = −𝛾

𝑑𝑧

Eq. (2- 32)

Solving Eq. (2- 32) gives:
𝑃 − 𝑃 = −𝛾 (𝑍 − 𝑍 )
Rearranging and solving for the pressure at Point 1 we obtain:
𝑃 = 𝑃 + 𝛾 (𝑍 − 𝑍 ) = 𝑃 + 𝛾 ℎ
Eq. (2- 33)

Where:

P – Pressure (lb/ft2, N/m2)
 – Specific Weight (lb/ft3)
h – Fluid depth between Point 0 and Point 1 (ft, m)

The expression above indicates that the pressure within a fluid
varies with depth and that the pressure increases as we get
deeper. Thus for a fluid that has no acceleration associated with
it, the pressure will vary linearly with depth. This is called a
Hydrostatic Pressure Distribution.

© 2002-2022 WaterWare Consultants. All rights reserved.
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A liquid will exert a pressure on a surface in which it is in contact.
Pressure is defined as a force per unit area as shown in Figure 221. Pressure will always act normal or perpendicular to the surface
that is in contact with the fluid.

5’

Figure 2- 21 – Pressure Distribution on Vertical and Horizontal Surface

Consider the container of water shown in Figure 2- 21 having a
depth of 5 ft. The pressure along the bottom of the container is
62.4 lb/ft3 * 5 ft = 312 lb/ft2. Knowing that there is 144 in2 for each
ft2, then the pressure at the bottom of the container in pounds per
square inch (psi) can be determined: 312 lb/ft 2 = 2.167 lb/in2 (psi).
Eq. (2- 33) can be used to find the pressure anywhere in a
container of liquid such as the one shown in Figure 2- 22. Through
the use of the basic equation of hydrostatics we can find the
pressure at each of the points A, B, C and D. First, however we
must recognize that the pressure at Point O is zero psi or zero psf
gauge since the system is open to the atmosphere at this point.

© 2002-2022 WaterWare Consultants. All rights reserved.
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A
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Figure 2- 22 – Multi-Walled Container

Recall that pressure increases with depth. Since Point A is located
above Point O, we must subtract the pressure difference between
these two points.
𝑙𝑏
𝑙𝑏
(2.4 + 1.2)𝑓𝑡
− 2.40 62.4
𝑓𝑡
𝑓𝑡
𝑙𝑏 1𝑓𝑡
= −539.14
= −3.74 𝑝𝑠𝑖
𝑓𝑡 144 𝑖𝑛

𝑃 = 𝑃 − 𝑆1𝐻 = 0

The pressure at Point B is greater than the pressure at Point O
since the location of Point B is below Point O. The pressure at
Point B can be found from:

© 2002-2022 WaterWare Consultants. All rights reserved.

CEE 313 Course Notes

Page 49

𝑙𝑏
𝑙𝑏
(1.0)𝑓𝑡
+ 2.40 62.4
𝑓𝑡
𝑓𝑡
𝑙𝑏 1𝑓𝑡
= 149.76
= 1.04 𝑝𝑠𝑖
𝑓𝑡 144 𝑖𝑛

𝑃 = 𝑃 + 𝑆1𝐻 = 0

Eq. (2- 33) is also valid for gases. However, the specific weight of
most gases is so small that we typically assume that the pressure
within a gas does not vary over vertical distance. For example, the
specific weight of air is air = 0.077 lb/ft3. Eq. (2- 34) provides a tool
for us to compute the height of a column of air necessary to
produce a pressure difference – such as 1.00 lb/in 2 (psi)

h

P1  Po

 air



P

 air

2


in
144

2
2
in 
ft 
 1,870 .13 ft
lb
0.077
ft 3

1.00 lb


Eq. (2- 34)

As Eq. (2- 34) shows, we need a column of air 1,870 ft high to be
able to produce a 1.00 psi pressure difference between the top and
bottom of the air column. Clearly in a practical sense, we can see
that the pressure within a container holding a gas is going to be
constant over vertical distances. Thus the pressure at Point C and
the pressure at Point B are assumed to be the same since there is
a gas between the two points.
𝑃 = 𝑃 = 149.76

𝑙𝑏 1𝑓𝑡
= 1.04 𝑝𝑠𝑖
𝑓𝑡 144 𝑖𝑛

Finally the pressure at Point D can be computed now that the
pressure at Point C is known.

© 2002-2022 WaterWare Consultants. All rights reserved.
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𝑙𝑏
𝑙𝑏
(2.4 + 1.0 + 3.6)𝑓𝑡
+ 0.80 62.4
𝑓𝑡
𝑓𝑡
𝑙𝑏 1𝑓𝑡
= 499.20
= 3.47 𝑝𝑠𝑖
𝑓𝑡 144 𝑖𝑛

𝑃 =𝑃 +𝑆

𝐻 = 149.76

The pressure distribution on the walls of the container shown in
Figure 2- 22 is interesting, if not confusing. The pressure
distribution is shown in Figure 2- 23. The pressure distribution is
shown in blue while the walls of the container are shown in black.
Notice how there is a negative pressure above the line associated
with zero gauge pressure.

Figure 2- 23 - Pressure Distribution on a Multi-Walled Container

Eq. (2- 33) provides a mechanism for computing the height of a
column of water associated with a particular pressure. This new
expression is shown in Eq. (2- 35) where the term P/ is called the
Pressure Head. Again knowing that the specific weight of water is
62.4 lb/ft3 and knowing that there are 144 in2 in a square foot, we
© 2002-2022 WaterWare Consultants. All rights reserved.
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can develop a conversion factor for pressure in psi and feet of
pressure head. The conversion factor is 1 psi = 2.31 ft of pressure
head (for water only!).
𝑦=

𝑃
𝛾

Eq. (2- 35)

Figure 2- 24 shows an elevated storage tank where the water
surface elevation is 175 ft above the ground. Knowing that there is
1 psi for every 2.31 ft of water we can compute the pressure at the
base of the tank. The pressure at the base of the tank is 175 ft/2.31
ft/psi = 75.75 psi. If there were a convenient location to measure
pressure, say at a fire hydrant, then we could determine the height
of water in the tank by multiplying the measured pressure by 2.31
ft of water/psi.

175 Ft

PBase = 75.75 Psi

Figure 2- 24

© 2002-2022 WaterWare Consultants. All rights reserved.
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There are two types of pressure that are commonly used in
hydraulics: Absolute Pressure and Gauge Pressure. Absolute
pressure is the pressure measured with a complete vacuum as the
basis for the measurement. Gauge pressure is pressure measured
with atmospheric pressure as the basis. The two are related to one
another as shown in the expression below.
𝑃

=𝑃

+𝑃

Eq. (2- 36)

Where:

PAbs – Absolute Pressure
PGauge – Gauge Pressure
PAtm – Atmospheric Pressure

Gauge pressure is almost universally used in hydraulic network
applications since the atmospheric pressure is applied to all
elements of the hydraulic network. The case when absolute
pressure is used instead of gauge pressure is when computing the
Net Positive Suction Head Available (NPSHA) for a pumping unit.
3.2.

Barometers and Manometers

A manometer is a device that is used to measure pressure
differences. A barometer is a device that can be used to measure
atmospheric pressure. Both of these devices make use of the
fundamental equation of fluid statics presented in Eq. (2- 24).
Consider a simple barometer which is shown in Figure 2- 25 below.
A vertical column with an open end is placed in the liquid upsidedown with the open end immersed in the liquid. The closed end is
on top. The pressure within the vertical column is evacuated, say
with a vacuum pump, such that a complete vacuum is created
within the column.

© 2002-2022 WaterWare Consultants. All rights reserved.
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Vacuum

Point B

H
PAtm

PAtm

Point A

Figure 2- 25

What will happen in this case is that atmospheric pressure, P Atm,
will push the liquid up into the vertical column. We can use
equations of hydrostatics along with the height that the liquid rises
in the column to determine the magnitude of the atmospheric
pressure.
We apply Eq. (2- 33) between Point A and Point B as shown in the
expression below. Point A is located at the surface of the liquid
outside of the column and Point B is located at the liquid surface
inside the column. Recall that pressure increases with depth, that
is, the pressure at Point A will be greater than the pressure at Point
B.
𝑃 =𝑃 +𝛾 ℎ

Now let’s express the pressure in terms of absolute pressure since
© 2002-2022 WaterWare Consultants. All rights reserved.
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we are interested in finding the atmospheric pressure. Eq. (2- 37)
provides a relationship between the two.
𝑃
𝑃

,

+𝑃

,

=𝑃

,

=𝑃

,

+𝛾 ℎ
,

+𝑃

,

+𝛾 ℎ

Eq. (2- 37)

Where:

PAbs,A – Absolute pressure at Point A
PAbs,B – Absolute pressure at Point B
PGauge,A – Gauge pressure at Point A
PGauge,B – Gauge pressure at Point B
PAtm,A – Atmospheric pressure at Point A
PAtm,B – Atmospheric pressure at Point B
f – Specific weight of barometer fluid

The gauge pressure at Point A is zero since it is open to the
atmosphere. The absolute pressure at Point B is zero since this
point is in a vacuum. Since Point B is in a vacuum, there is no
atmospheric pressure. If the absolute pressure at Point B is zero
and the atmospheric pressure at Point B is zero, then it follows that
the gauge pressure at Point B must also be zero. So now, Eq. (237) can be rewritten as:
𝑃

,

=𝛾 ℎ

Eq. (2- 38)

Thus we can find the atmospheric pressure by simply measuring
the height to which the fluid rises in the column and multiplying by
the specific weight of the fluid. For example, suppose that the fluid
is mercury and the column of mercury in the inverted tube is 30
inches in the barometer. The atmospheric pressure is:
𝑃

,

=𝛾

ℎ=𝑆

𝛾 ℎ = 13.6 62.4 𝑙𝑏

𝑓𝑡

(30 𝑖𝑛) 1 𝑓𝑡 12 𝑖𝑛

© 2002-2022 WaterWare Consultants. All rights reserved.
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1 𝑓𝑡
𝑓𝑡

144 𝑖𝑛

= 14.73 𝑝𝑠𝑖

Mercury is frequently used as a barometer fluid since mercury is
heavy and it has a very low vapor pressure. The vapor pressure of
mercury at room temperature is 3.87 x 10-5 psia. Thus we can
achieve very close to a complete vacuum at the top of the
barometer tube without the fluid boiling. Also mercury is very heavy
so a column of mercury necessary to measure most range of
atmospheric pressure is only about 2.5 ft high. If a water barometer
were used, which it certainly can be, then a column of water that is
equivalent to typical atmospheric pressures would be almost 34
feet high!
While a barometer can be used to measure a single pressure, a
manometer is a device that can be used to measure pressure
differences. Manometers make use of one or more manometer
fluids as shown in the figure below.

© 2002-2022 WaterWare Consultants. All rights reserved.
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B

S3

H3
S1
A

S2

H2
H1

Figure 2- 26

The key to solving a problem involving a manometer is to place
points at critical locations including 1) the interface between two
manometer fluids and 2) at locations where direction changes in
the manometer occur. Then we simply apply the basic equations of
fluid statics shown in Eq. (2- 26) and Eq. (2- 33). Figure 2- 27 shows
the manometer presented above with points placed at critical
locations.

© 2002-2022 WaterWare Consultants. All rights reserved.
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B
6
H3

5
A

1
H2
H1

2
X

4

3

Figure 2- 27

We now begin to apply the basic equations of fluid statics. We start
at one side of the manometer (Point A or Point B) and work our way
around to the other side of the manometer. Let’s start at Point A
and work our way to Point B.
P1 = P A

(Same horizontal plane, same fluid)

P 2 = P 1 +  1H1
P2 = PA + S1WH1

(P2 is below P1 thus we add H)

P 3 = P 2 +  2X
(P3 is below P2 thus we add X)
P3 = PA + S1WH1 + S2WX
P4 = P 3
(Same horizontal plane, same fluid)
P4 = PA + S1WH1 + S2WX
P5 = P4 - 2(X+H2) (P5 is above P4 thus we subtract (X+H))
P5 = PA + S1WH1 + S2WX - S2W(X+H2)
P5 = PA + S1WH1 – S2WH2
© 2002-2022 WaterWare Consultants. All rights reserved.
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P 6 = P 5 -  3H3
(P6 is above P5 thus we subtract H)
P6 = PA + S1WH1 – S2WH2 – S3WH3
PB = P 6
(Same horizontal plane, same fluid)
PB = PA + S1WH1 – S2WH2 – S3WH3
We can compute the pressure at Point B if we know values for the
specific gravity of Fluid 1, Fluid 2 and Fluid 3; the vertical distances
H1, H2 and H3; and the pressure at Point A. Let’s use the following
information:
PA = 30 psi (lb/in2)
H1 = 18 in
H2 = 24 in
H3 = 30 in
S1 = 0.85
S2 = 2.66
S3 = 1.70
𝑃 = 30 𝑙𝑏

𝑖𝑛

+ 0.85 62.4 𝑙𝑏

− 2.66 62.4 𝑙𝑏
− 1.70 62.4 𝑙𝑏
𝑃 = 30 𝑙𝑏
𝑃 = 30 𝑙𝑏

𝑖𝑛
𝑖𝑛

+ 79.56 𝑙𝑏

𝑓𝑡
𝑓𝑡

𝑓𝑡

− 517.61 𝑙𝑏

(18 𝑖𝑛) 1 𝑓𝑡 12 𝑖𝑛
𝑓𝑡
(24 𝑖𝑛) 1 𝑓𝑡 12 𝑖𝑛
(30 𝑖𝑛) 1 𝑓𝑡 12 𝑖𝑛

− 331.97 𝑙𝑏

𝑓𝑡

𝑓𝑡
𝑓𝑡

144 𝑖𝑛

− 265.2 𝑙𝑏
= 26.41 𝑙𝑏

© 2002-2022 WaterWare Consultants. All rights reserved.
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Let’s consider a slightly more complex manometer such as the one
shown in Figure 2- 28. Notice the presence of the piezometer, that
is, the vertical column that is open to the atmosphere. We know
that the gauge pressure, which is the pressure we are working in,
is zero when open to the atmosphere.

B

H1
S3
S1

H2

H3
S2

Figure 2- 28 – Manometer with a Piezometer

We wish to calculate PB given the following information on the
manometer properties:
S1 = 7.20
H1 = 1.94 Ft

S2 = 13.6
H2 = 0.75 Ft

S3 = 2.55
H3 = 3.22

We begin by locating points along the manometer where there are
bends or changes in direction, at the interface between two fluids,
and at a point horizontally across from the interface between two
fluids. We must take care that when locating a point horizontally
© 2002-2022 WaterWare Consultants. All rights reserved.
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across from the interface between two fluids, that the point is in the
same fluid as the point that it is located horizontally across from.
Figure 2- 29 shows the location of points on this manometer
system. Also notice that we introduced a dummy distances X and
Y to assist us with our calculations. It turns out that these dummy
distances will cancel out not be used in the final analysis.

9
B

H1
S3

1
S1

H2

7
8

Y

6
H3
S2

2

5
X

3

4

Figure 2- 29 - Location of Points on a Manometer

Referring to Figure 2- 29, notice that Point 5 is located horizontally
across from Point 2. Also notice that both of these points are in the
same fluid. We could not have placed a point horizontally across
from Point 6 in the S1 fluid because the two fluids are different from
one another. Similarly for the same reason would could not have
placed points in fluid S1 horizontally across from Point 7 and Point
8.
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We now start at one end of the manometer, either Point B or Point
9, and apply the equation of hydrostatics - Eq. (2- 33). We will start
at Point B and work our way around to manometer to Point 9.
𝑃 =𝑃

Horizontal plane, same fluid

𝑃 = 𝑃 + 𝛾 (𝐻 + 𝐻 ) = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) P2 is below PB
𝑃 = 𝑃 + 𝛾 𝑋 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) + 𝑆 𝛾 𝑋 P3 is below P2
𝑃 =𝑃

Horizontal plane, same fluid

𝑃 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) + 𝑆 𝛾 𝑋
𝑃 = 𝑃 − 𝛾 𝑋 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) + 𝑆 𝛾 𝑋 − 𝑆 𝛾 𝑋
𝑃 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) = 𝑃
As we would expect since P2
and P5 are on the same horizontal plane and are the same fluid
𝑃 = 𝑃 − 𝛾 𝐻 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) − 𝑆 𝛾 𝐻
𝑃 = 𝑃 − 𝛾 𝑌 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) − 𝑆 𝛾 𝐻 − 𝑆 𝛾 𝑌
𝑃 = 𝑃 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) − 𝑆 𝛾 𝐻 − 𝑆 𝛾 𝑌
plane, same fluid

Horizontal

𝑃 = 𝑃 − 𝛾 (𝐻 + 𝐻 − 𝑌)
𝑃 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) − 𝑆 𝛾 𝐻 − 𝑆 𝛾 𝑌 − 𝑆 𝛾 (𝐻 + 𝐻 − 𝑌)
Notice that since Point 9 is open to the atmosphere, the pressure
at this location is zero. Therefore the final expression for P B in
terms of the manometer properties is:
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0 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) − 𝑆 𝛾 𝐻 − 𝑆 𝛾 (𝐻 + 𝐻 )
Simplifying further and grouping like terms we have:
0 = 𝑃 + 𝑆 𝛾 (𝐻 + 𝐻 ) − 𝑆 𝛾 𝐻 − 𝑆 𝛾 (𝐻 + 𝐻 )
0=𝑃 +𝑆 𝛾 𝐻 +𝑆 𝛾 𝐻 −𝑆 𝛾 𝐻 −𝑆 𝛾 𝐻 −𝑆 𝛾 𝐻
𝑃 = 𝛾 𝐻 𝑆 + 𝛾 𝐻 (𝑆 − 𝑆 ) + 𝛾 𝐻 (𝑆 − 𝑆 )
Eq. (2- 39)

Now we can substitute the manometer poperties into Eq. (2- 39)
above and solve for the pressure at Point B.
𝑙𝑏
𝑙𝑏
(1.94 𝑓𝑡)(2.55) + 62.4
(0.75 𝑓𝑡)(2.55 − 7.20)
𝑓𝑡
𝑓𝑡
𝑙𝑏
(3.22 𝑓𝑡)(13.6 − 7.20)
+ 62.4
𝑓𝑡

𝑃 = 62.4

𝑃 = 308.69

𝑙𝑏
𝑙𝑏
𝑙𝑏
𝑙𝑏
− 217.62
+ 1,285.94
= 1,377.01
𝑓𝑡
𝑓𝑡
𝑓𝑡
𝑓𝑡

𝑃 = 1,377.01

𝑙𝑏
𝑓𝑡

1 𝑓𝑡
144 𝑖𝑛

= 9.56

𝑙𝑏
= 9.56 𝑝𝑠𝑖
𝑖𝑛
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Hydrostatic Forces

Concepts related to the field of Engineering Mechanics that deals
with Statics can be used to develop an expression that describes
the magnitude and location of a resultant hydrostatic force acting
over an area. The hydrostatic force is the result of pressure acting
over an area. Recall from Eq. (2- 18) that force is pressure times
area.
Also recall from Eq. (2- 33) that pressure varies linearly with depth.
As the depth (distance below the fluid surface) increases then the
pressure increases continuously as well. Figure 2- 30 shows the
pressure distribution on a submerged area. The length of each
arrow represents the magnitude of the pressure. A longer arrow
represents a higher pressure. Note that hydrostatic pressure
caused by a fluid always acts in a direction that is perpendicular to
the areal surface that the fluid contacts.
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Figure 2- 30

Consider Figure 2- 31 below where the red line represent a
generally-shaped area that is submerged. Let’s define the terms
that are shown in the figure.
A – area of the body that is submerged under a fluid having a
specific weight of 
C – centroid of the area A
HC – vertical depth to the centroid of the area A
YC –depth to the centroid of the area A measured along the
Y-axis, that is, in a direction parallel to the orientation of the
submerged area
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Figure 2- 31

The incremental force, dF, acting over the incremental area, dA, is
the incremental area times the average pressure acting over the
area or:
𝑑𝐹 = 𝑃(𝑑𝐴)
Eq. (2- 40)

Where:

dF – Incremental force acting over dA
dA – Incremental area
P – Pressure acting over dA

Recall that pressure varies with depth. Thus the pressure acting
over the incremental area, dA, is not constant. Rather the pressure
is a little bit lower at the top of dA and a little bit greater at the bottom
of dA. The average pressure acting over dA occurs at the centroid
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of the incremental area.
Knowing that pressure varies with depth, we can rewrite Eq. (2- 40)
above as:
𝑑𝐹 = 𝛾ℎ(𝑑𝐴)
Eq. (2- 41)

Where:

dF – Incremental force acting over dA
dA – Incremental area
 – Specific weight of the fluid
h – Depth of the fluid

Notice the triangle that is created from the vertical distance from
the fluid surface to the centroid of dA (h) and the distance along the
y-axis from the fluid surface to the centroid of the incremental area
dA (y). From basic trigonometry we see that h = ysin(). Thus the
incremental force, dF, can be expressed as:
𝑑𝐹 = 𝛾𝑦sin(𝜃)(𝑑𝐴)
Eq. (2- 42)

Where:

dF – Incremental force acting over dA
dA – Incremental area
 – Specific weight of the fluid
y – Depth of the fluid measured along the Y-axis
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Y

dA

Figure 2- 32

Now let’s integrate over the total submerged area A as shown
below to find FR.
𝐹 =

𝑑𝐹 =

𝛾𝑦sin(𝜃 ) 𝑑𝐴

Eq. (2- 43)

Recognizing that the fluid specific weight, , and the angle at which
the submerged area is oriented, , are constant, we now have:
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𝐹 =

𝑑𝐹 = 𝛾sin(𝜃 )

𝑦 𝑑𝐴

Eq. (2- 44)

Recall from Engineering Mechanics – Statics, that the integral over
the area of ydA is the First Moment of the Area as shown below:
𝑦 𝐴=

𝑦 𝑑𝐴

Eq. (2- 45)

Where:

y – distance to the centroid of the incremental area, dA,
measured along the Y-axis
yC – distance to the centroid of the submerged area measured
along the Y-axis
A – total area of the submerged area

Substituting Eq. (2- 45) into Eq. (2- 44) gives the expression below:
𝐹 = 𝛾𝑦 sin(𝜃 ) 𝐴
Eq. (2- 46)

Finally using the triangle shown in Figure 2- 32 we develop our
expression for the magnitude of the hydrostatic force, FR, acting on
a submerged area:
𝐹 = 𝛾𝐻 𝐴
Eq. (2- 47)

Where:

 - fluid specific weight
HC – vertical distance to the centroid of the submerged area
A – total area of the submerged area
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Now that we have an expression for the magnitude of the resultant
force acting over a submerged area, we can find the location of the
resultant force.
The incremental moment (dM) about Point O or about the X-axis,
is created by the incremental force (dF) and its moment arm (Y).
Note that Point O is the location where the water surface intersects
the Y-axis. The X-axis, represents the line created by the
intersection of the plane created by the water surface and the plane
oriented in the Y-direction.
The total moment is the integral over the area of the incremental
moments as shown below.
𝑀 =

𝑑𝑀 =

𝑦𝑑𝐹

Eq. (2- 48)

Substituting Eq. (2- 42) into Eq. (2- 48) above yields:
𝑀 =

𝑑𝑀 =

𝑦𝑑𝐹 =

𝑦𝛾𝑦sin(𝜃)(𝑑𝐴) = 𝛾sin(𝜃)

𝑦 (𝑑𝐴)

Eq. (2- 49)

Recall from Engineering Mechanics – Statics, that the integral over
the area of y2dA is the Second Moment of the Area or the Moment
of Inertia about the X-axis as shown below:
𝐼 =

𝑦 (𝑑𝐴)

Eq. (2- 50)
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y – distance to the centroid of the incremental area, dA,
measured along the Y-axis
yC – distance to the centroid of the submerged area measured
along the Y-axis
A – total area of the submerged area

The total moment about Point O or the X-axis is also equal to the
magnitude of the resultant force (FR) and its moment arm (YR) as
illustrated in Figure 2- 33.
𝑀 = 𝐹 𝑌 = 𝛾sin(𝜃 )

𝑦 (𝑑𝐴) = 𝛾sin(𝜃)𝐼

Eq. (2- 51)

Recall from Eq. (2- 46) that FR can be expressed in terms of YC and
the angle that the water makes with the Y-axis (). Substituting Eq.
(2- 46) into Eq. (2- 51) gives:
𝐹 𝑌 = (𝛾𝐻 𝐴)𝑌 = 𝛾𝑦 sin(𝜃 ) 𝐴(𝑌 ) = 𝛾sin(𝜃)𝐼
Eq. (2- 52)
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Figure 2- 33

Factoring out  and sin() from both sides of Eq. (2- 52) and solving
for YR gives:
𝑌 =

𝐼
𝑦 𝐴

Eq. (2- 53)

Note that IX is the Moment of Inertia about an arbitrarily located Xaxis could be difficult. The Parallel Axis Theorem can be used to
provide a relationship between the Moment of Inertia about the
centroid of a body and an arbitrarily located X-axis. The Parallel
Axis Theorem states:
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𝐼 =𝐼

+𝑦 𝐴

Eq. (2- 54)

Where:

IX – moment of inertia about any X-axis
IXC – moment of inertia about the centroid of an area, A
yC – distance between the X-axis and the centroid of the area, A
A – area

If we substitute Eq. (2- 54) into Eq. (2- 53) and simplifying we obtain
an expression for the location of the resultant force F R. Note that
the distance YC is measured along the Y-axis, that is, along a
direction parallel to the orientation of the submerged area, A.
𝑌 =

𝐼

+𝑦 𝐴
𝐼
=𝑦 +
𝑦 𝐴
𝑦 𝐴

Eq. (2- 55)

Notice that the location of the resultant force is always some
distance  below the centroid of the area where:
Δ=

𝐼
𝑦 𝐴

Eq. (2- 56)

The reason that the location of the resultant force is always below
the centroid of the area is a by-product of the pressure increasing
with depth. If the pressure decreased with depth, then the location
of the resultant force would be above the centroid of the area. If the
pressure were constant, that is, if the pressure were uniform and
did not vary with the depth, then the location of the resultant force
would be at the centroid of the area. Figure 2- 34 illustrates these
three cases.
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Figure 2- 34 - Effect of Pressure Distribution on Location of Resultant Force

The location of the resultant force requires that the Moment of
Inertia of the rectangular area be found. The figures below show
the Moment of Inertia about the centroid for several commonly
used shapes. Also shown is the location of the centroid. Of
particular interest is the derivation of the location of the centroid for
the area between a quarter-circle and a square as shown in Figure
2- 35.
We derive the location of the centroid by recognizing that the
moment of a composite area is equal to the sum of the moments of
the individual areas making up the composite area. Notice that a
square can be treated as a composite area consisting of a quartercircle and a wedge-shaped area as illustrated in Figure 2- 36.
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Figure 2- 35 – Semi-Circle and Area Between Quarter-Circle and Square

A general formula for the moment of the area of a composite shape
is:
𝑦𝐴

=

(𝑦𝐴)

Eq. (2- 57)

The area of a square that inscribes a quarter-circle and the wedgeshape is the square of the radius. We also know that the area of a
quarter-circle is 0.25 times the area of a full circle. Therefore the
area of the wedge-shape is:
𝐴

=𝐴

−𝐴

=𝑅 −

𝜋
𝑅
4

=𝑅
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d
R/2
4R/3

Figure 2- 36 – Centroid of Wedge Shape

We know the location of the centroid of a square – it is at the center
of the square or at R/2 for this problem. We use Figure 2- 35 for
the semi-circle to find the location of the centroid for the quartercircle – they are the same. Now, using Eq. (2- 57), we have:
𝑅
4𝑅
𝑅 =
2
3𝜋

𝜋
𝑅
4

+ 𝑑𝑅

1−

𝜋
4

Simplifying the expression above we get:
𝑅
𝑅
𝜋
=
+𝑑 1−
2
3
4
𝑑 1−

𝜋
𝑅
𝑅
3𝑅
2𝑅
𝑅
=
−
=
−
=
4
2
3
6
6
6

Now solving for the distance to the centroid of the wedge-shape we
have:
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𝑑=

𝑅
6 1−

𝜋
4

Eq. (2- 58)

R
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Figure 2- 37 – Centroid and Moment of Inertial for Triangel and Rectangle

© 2002-2022 WaterWare Consultants. All rights reserved.

CEE 313 Course Notes

Page 77

R

c

c

Figure 2- 38 – Centroid and Moment of Inertial for Full Circle
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Figure 2- 39 - Centroid and Moment of Inertial for Trapezoid
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Hydrostatic Forces – Example #1

Now let’s work a few sample problems on fluid statics using Eq. (247) and Eq. (2- 54) above. Consider the 20’ by 50’ rectangular area
that is submerged under water as shown in Figure 2- 40 below. The
rectangular area is oriented 35o from the horizontal plane with the
top of the area located 10 ft along the Y-axis. Find the resultant
force FR and its location.
O

35o
Water
10’

Y

X

FR

50’
C
20’

Figure 2- 40

First let’s take a look at the submerged area which is shown in
Figure 2- 41 below. Note that this figure is oriented so that it shows
the X-Y plane. The rectangular area is 20’x50’ for a total area of A
= 1000 ft2. The centroid of the area is located 20 ft below the
surface of the water. However, this is 20 ft measured along the Yaxis which, when referring to Figure 2- 40, is not along the vertical
axis.
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X
10’

Y

10’

Centroid

20’

50’
Figure 2- 41

The vertical distance to the centroid of the 20’x50’ rectangular
area is:
𝐻 = 𝑦 sin(35 ) = 20 𝑓𝑡 sin(35 ) = 11.472 𝑓𝑡
We use Eq. (2- 46) to find the magnitude of the resultant force. Our
fluid of interest is water thus W = 62.4 lb/ft3. The magnitude of the
resultant force is shown below. This is a large force, because it acts
over a large area.
𝐹 = 𝛾𝐻 𝐴 = 62.4

𝑙𝑏
(11.472 𝑓𝑡)(1000 𝑓𝑡 ) = 715,852.8 𝑙𝑏
𝑓𝑡

Notice that the resultant force may also be expressed in terms of
the specific weight of the fluid. Namely:
𝐹 = 𝛾𝐻 𝐴 = 𝛾 (11.472 𝑓𝑡)(1000 𝑓𝑡 ) = 11,472𝛾
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The location of the resultant force is found using Eq. (2- 54). The
Moment of Inertia about the centroid of a rectangular area is:
𝐼

=

1
1
(50 𝑓𝑡)(20 𝑓𝑡) = 33,333.33 𝑓𝑡
𝑊𝑅 =
12
12

The distance to the centroid of the rectangular area measured
along the Y-axis is YC = 20 ft. Finally, the total area is 1,000 ft2. Now
the location of the resultant force can be determined.
𝑌 =𝑦 +

𝐼
33,333.33 𝑓𝑡
= 20 𝑓𝑡 +
= 21.67 𝑓𝑡
(20 𝑓𝑡)(1,000 𝑓𝑡 )
𝑦 𝐴

O

35o
Water
Y

715,852.8 lb
21.67’

C
1.67’

Figure 2- 42
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Hydrostatic Forces – Example #2

Now we work a more pragmatic problem that involves a moment
due to a hydrostatic force. Consider the problem shown in Figure
2- 43 below. Suppose that we have a 4 ft circular pipe connected
to a tank of water. There is a one-inch thick, 4 ft diameter steel gate
that keeps air from flowing into the tank of water. What is the
maximum pressure allowed in the 4 ft pipe?
The first step to solving this problem is to recognize that it involves
the use of fluid statics. Next we draw a free body diagram of all
forces that are acting on the system. The system is the 1” thick
steel gate with a hydrostatic force on one side of the gate and a
force resulting from air pressure on the other side of the gate. The
gate also has a weight associated with it. Figure 2- 44 shows the
free body diagram along with other relevant information associated
with the problem.
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X

Pair = ??
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Figure 2- 43

We recognize that the weight of the circular gate and the force
associated with the air pressure act through the centroid of the
gate. The force associated with the air pressure acts at the gate
centroid since we assume, for a gas, that the pressure throughout
the gas is constant. Figure 2- 45 below shows the pressure
distribution of the water and the air on the circular gate. Notice that
the pressure distribution for the air is uniform since we assume that
pressure does not vary within a gas. The water, on the other hand,
has a trapezoidal pressure distribution since pressure does vary
with depth. Note that moment arms are also shown in this figure.
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55o
Water

15’

35o
FR

O

8’

10’(sin(35o))=5.74’

FAir
WG

4’

Not to Scale

Figure 2- 44

We have sufficient information to compute the pressure associated
with the hydrostatic force, FR. We can also compute the weight of
the gate since we have its volume and the specific gravity of steel
(S=7.85). We can find the force associated with the air by summing
moments about Point O. Finally, knowing that force equals
pressure times area, we can compute the air pressure in the pipe
that causes a condition where the gate just starts to rotate. In other
words:
𝑀 =𝐹 𝑑 +𝑊 𝑑 −𝐹

𝑑

=0
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Figure 2- 45

First we compute the weight and the moment arm associated with
the circular gate. Recall that weight is equal to the specific weight
of the material times the volume of material. Further recall that
specific weight of a material is equal to the specific gravity of the
materials times the specific weight of water.
𝑊 =𝛾

𝑊 = 7.85 62.4

𝑙𝑏
𝑓𝑡

𝑉𝑜𝑙 = 𝑆
𝜋
(4 𝑓𝑡)
4

𝛾 𝑉𝑜𝑙
1 𝑖𝑛
12 𝑖𝑛

= 512.96 𝑙𝑏
𝑓𝑡

The moment arm of the gate can be found using the angle of the
gate and the fact that the weight of the gate passes through its
centroid.
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𝑑 = 2 𝑓𝑡 cos(35 ) = 1.64 𝑓𝑡
We now turn our attention to the hydrostatic force, F R. The area of
the gate can be easily found and the fluid acting on the gate is water
– thus the specific weight of the fluid is known. The vertical distance
to the centroid of the gate is 15+5.74 ft = 20.74 ft. Thus the
magnitude of the hydrostatic force is:
𝐹 = 𝛾 𝐻 𝐴 = 62.4

𝑙𝑏
𝜋
(20.74 𝑓𝑡) (4 𝑓𝑡)
𝑓𝑡
4

= 16,263.10 𝑙𝑏

Recall that the location of the resultant is some distance  below
the centroid of the gate where:
Δ=

𝐼
𝑦 𝐴

For a circular gate having a diameter of 4 ft then:
1
𝜋𝐷
𝐼
64
Δ=
=
𝑦 𝐴 𝑦 𝜋𝐷
4

1
𝐷
16
=
𝑦

1
(4 𝑓𝑡)
16
=
20.74 𝑓𝑡
sin(35 )

= 0.028 𝑓𝑡

Knowing that the distance from the hinge – the point where rotation
occurs – to the centroid of the gate is one half the diameter, then
the moment arm for the hydrostatic force can be easily found:
𝑑 = 2 𝑓𝑡 + 0.028 𝑓𝑡 = 2.028 𝑓𝑡
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Now we apply the moment formula and solve for F air. Note that
the moment arm for the force associated with air pressure is 2 ft.
𝐹

𝐹

=

=

𝐹 𝑑 +𝑊 𝑑
𝑑

(16,263.10 𝑙𝑏)(2.028 𝑓𝑡) + (512.96 𝑙𝑏)(1.64 𝑓𝑡)
2 𝑓𝑡
= 16,911.41 𝑙𝑏

Finally, we know from elementary Physics that force is equal to
pressure times the area over which the pressure acts. We can
use this relationship to find the air pressure:
𝐹

3.3.3.

𝐹
𝐴

=

=𝑃

𝐴

16,911.41 𝑙𝑏
𝑙𝑏
=
1,345.77
𝜋
𝑓𝑡
(4 𝑓𝑡)
4

𝑃

=

𝑃

= 1,345.77 𝑓𝑡

1 𝑓𝑡
144 𝑖𝑛

= 9.35 𝑝𝑠𝑖

Hydrostatic Forces – Example #3

Now let’s look at a problem involving a concrete gate with some
liquid upstream of the gate as shown in Figure 2- 46. We wish to
determine the liquid level, H, that causes the gate to just open. The
hydrostatic pressure distribution of the fluid acting on the gate has
the shape of a trapezoid as show by the dark blue.
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Note that this figure serves as a free body diagram as it shows all
forces acting on the system and their respective moment arms. To
solve the problem we must determine the resultant force, FR, and
its moment arm d1. We know from that the resultant hydrostatic
force is the product of the fluid specific weight, the vertical distance
to the centroid of the submerged area and the submerged area
itself.

Gate Width = 10 Ft

H
dG
Hinge

S=0.75

d1

6’
FR

S=2.50
WG
8’

Figure 2- 46

𝐹 =𝛾 ℎ 𝐴
The specific weight of the liquid impounded by the gate is:
𝛾 = 0.75𝛾
The vertical distance from the surface of the liquid to the centroid
of the submerged area is:
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ℎ =𝐻+3
The submerged area is a rectangle that is 10 ft wide by 6 ft high.
Thus the area is:
𝐴 = (10)(6) = 60 𝐹𝑡
The resultant force is:
𝐹 = 𝛾 ℎ 𝐴 = 0.75𝛾 (𝐻 + 3)(60) = 45𝛾 (𝐻 + 3)
Now we find the moment arm associated with the resultant force
FR. We know that the resultant force is located some distance, ,
below the centroid of the submerged area as shown in Figure 2- 47
below. Thus the moment arm is:
𝑑 = (3 + ∆) = 3 +

𝐼
𝑌𝐴
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dG

Centroid

3’

d1

6’


S=2.50

FR

WG
8’

Figure 2- 47

Notice for this problem that the distance from the surface of the
liquid to the centroid of the submerged area measured parallel to
the orientation of the submerged surface, YC, is the same as the
vertical distance to the centroid of the submerged area, hC, since
the submerged area is oriented vertically.
Substituting this into the expression above for d 1 and including the
expression for the moment of inertia and the area of a rectangle
(LxW) gives:
𝑑 = (3 + ∆) = 3 +

𝑑 = 3+(

)

= 3+(

= 3+(

( )
)

)

= 3+(

= 3+

(

)
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Now we compute the weight of the gate and its moment arm.
𝑊 = 𝛾 𝑉𝑜𝑙 = 2.50𝛾
𝑑 =

1
(6)(8)(10) = 600𝛾
2

1
(8) = 2.67 𝐹𝑡
3

Now we sum the moments associated with the weight of the gate
and the hydrostatic force about the hinge. The gate will just open
when the sum of the moments about the hinge is equal to zero.
∑𝑀 = 0 = 𝑊 𝑑 −𝐹 𝑑
𝑊 𝑑 − 𝐹 𝑑 = 600𝛾 (2.67) − 45𝛾 (𝐻 + 3) 3 + (
600𝛾 (2.67) − 45𝛾 (𝐻 + 3) 3 + (

)

)

=0

= 1602𝛾 − 135𝛾 (𝐻 + 3) −

135𝛾 = 0
1602𝛾 − 135𝛾 (𝐻 + 3) − 135𝛾 = 1467 − 135(𝐻 + 3) = 0
135(𝐻 + 3) = 1467
(𝐻 + 3) =

= 10.87 𝐹𝑡

𝐻 = 10.87 − 3 = 7.87 𝐹𝑡

The solution indicates that a liquid level that is 7.87 ft above the
hinge will produce a force that creates a moment sufficient to
overcome the moment associated with the weight of the gate.
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Hydrostatic Forces – Example #4

Let’s work on a slight variation of the problem solved in the previous
section. In this case the wedge-shaped gate is oriented so that the
resultant force does not act in a horizontal direction as shown in
Figure 2- 47. Rather as the free body diagram in Figure 2- 49
illustrates, the resultant force is at an angle with the horizontal fluid
level. Nonetheless, we can continue to use the same equations of
hydrostatics to compute the liquid level above the hinge, H, that
causes the gate to just open.
Recall that the resultant force is equal to the specific weight of the
liquid times the vertical distance to the centroid of the submerged
area times the submerged area. In this case the submerged area
is a rectangle that is 10 ft high by 10 ft wide.

Gate Width = 10 Ft

H

S=0.75

Hinge

S=2.50
6’
10’

8’

Figure 2- 48
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𝐹 =𝛾 ℎ 𝐴
The specific weight of the liquid impounded by the gate is:
𝛾 = 0.75𝛾
The vertical distance from the surface of the liquid to the centroid
of the submerged area is:
ℎ =𝐻+3
The submerged area is a rectangle that is 10 ft x 10 ft. Thus the
area is:
𝐴 = (10)(10) = 100 𝐹𝑡
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8’
dG
Hinge

hC

Centroid

6’
WG

YC
d1


FR

Figure 2- 49 – Free Body Diagram

The resultant force is:
𝐹 = 𝛾 ℎ 𝐴 = 0.75𝛾 (𝐻 + 3)(100) = 75𝛾 (𝐻 + 3)
Now we find the moment arm associated with the resultant force
FR. We know that the resultant force is located some distance, ,
below the centroid of the submerged area as shown in Figure 249. Thus the moment arm is:
𝑑 = (5 + ∆) = 5 +

𝐼
𝑌𝐴

Unlike the previous example, the quantity YC is not the same as hC.
YC represents the distance from the surface of the liquid to the
centroid of the submerged area measured along an axis that is
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parallel to the orientation of the submerged area. Figure 2- 50
illustrates this more clearly than earlier figures.


YC
hC

WG

Centroid

FR

Figure 2- 50 – Diagram Illustrating YC

From Figure 2- 50 we can see that:
ℎ = 𝑌 sin(𝜃)
Or
ℎ
𝑌 =
sin(𝜃)
For the triangular gate the angle  = 36.87o. Therefore:
𝑑 = (5 + ∆) = 5 +

= 5+

(
(

= 5+

)
.

)

(

.
(
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= 5+

sin(36.87𝑜 )

(

(

)

)

= 5+(

)

Now we compute the weight of the gate and its moment arm.
𝑊 = 𝛾 𝑉𝑜𝑙 = 2.50𝛾
𝑑 =

1
(6)(8)(10) = 600𝛾
2

2
(8) = 5.33 𝐹𝑡
3

Now we sum the moments associated with the weight of the gate
and the hydrostatic force about the hinge. The gate will just open
when the sum of the moments about the hinge is equal to zero.
∑𝑀 = 0 = 𝑊 𝑑 −𝐹 𝑑
𝑊 𝑑 − 𝐹 𝑑 = 600𝛾 (5.33) − 75𝛾 (𝐻 + 3) 5 + (
600𝛾 (5.33) − 75𝛾 (𝐻 + 3) 5 + (

)

)

=0

= 3200𝛾 − 375𝛾 (𝐻 + 3) −

375𝛾 = 0
3200𝛾 − 375𝛾 (𝐻 + 3) − 375𝛾 = 2825 − 375(𝐻 + 3) = 0
375(𝐻 + 3) = 2825
(𝐻 + 3) =

= 7.53 𝐹𝑡

𝐻 = 7.53 − 3 = 4.53 𝐹𝑡
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Pressure Prisms

Pressure prisms are a graphical representation of the pressure
distribution over a submerged area. For example, consider the
pressure distribution on the submerged rectangular area outlined
in red in Figure 2- 51 shown below. The top of the submerged area
is at a depth of H1 while the bottom of the area is at a depth of H2.
Note that the pressure distribution acts over the entire width of the
area thus creating a trapezoidally-shaped wedge that we call a
pressure prism. The pressure at the top of the pressure prism is
P1 while the pressure at the bottom of the pressure prism is P 2.
The magnitude of the resultant force is equal to the volume of
the pressure prism. The resultant force passes through the
centroid of the pressure prism. Thus the location of the resultant
force is the same location as the centroid of the pressure prism.
Proof of such is provided below.
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H1
P1

H2

P2

W

Figure 2- 51 – Pressure Prism Acting on Submerged Area
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O

HC

h


YC

Y

X

Y
dF

C

dA

Figure 2- 52

Critical to understanding the concept of pressure prisms is to
recognize that one of the dimensions of the pressure prism is the
pressure that the liquid exerts on the submerged area. This
concept is well understood in the area of structural engineering.
Consider a distributed load acting over the length of a beam as
shown in Figure 2- 54. Note that the magnitude of the load varies
from W1 lb/ft to W2 lb/ft over the length of the beam.
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W2 lb/ft
W1 lb/ft

Figure 2- 53

Clearly there is some finite width of the beam in a direction that acts
into the page. Typically, structural engineers assume a unit width
of the beam. Thus in reality, the load W1 is a weight per unit length
per unit width of the beam. Figure 2- 54 below helps to illustrate
this concept.
If we do not work in terms of unit width of the beam, we have a load
of W1 lb/ft2 and W2 lb/ft2 – which is clearly pressure! In other
words, the loading show on the beam in Figure 2- 54 below is
actually a pressure prism – the same type that we deal with in fluid
mechanics. It just so happens that for submerged areas the load,
i.e. the pressure, is due to the weight of the fluid acting over the
submerged area.
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W2 lb/ft2
W1 lb/ft2
Length

Figure 2- 54

Referring to Figure 2- 52, the incremental force dF can be found by
multiplying the average pressure acting over dA by the incremental
area dA as shown below.
𝑑𝐹 = 𝑃(𝑑𝐴) = 𝑑𝑉𝑜𝑙
Eq. (2- 59)

Where:

dF – incremental force acting over dA
dA – incremental area
P – average pressure over dA
dVolPP – incremental volume of the pressure prism

Notice that the incremental force, dF, is equal to the incremental
volume of the pressure prism, dVolPP. Recall in a paragraph above
we said that critical to understanding the concept of pressure
prisms is to recognize that one of the dimensions of the pressure
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prism is the pressure that the liquid exerts on the submerged area.
Multiplying the “pressure dimension” by the area provides a
“volume”. This is illustrated in Figure 2- 51. Notice that the
pressure dimension, which acts perpendicular to the submerged
area, has a value of P1 at the top of the pressure prism and a value
of P2 at the bottom of the pressure prism. Thus if we know the area
over which the pressure prism acts, we can compute the volume of
the pressure prism.
The resultant hydrostatic force is simply the sum of many
incremental forces which, in turn, is the sum of many incremental
volumes. Thus the magnitude of the resultant force is simply the
total volume of the pressure prism as shown below.
𝐹 =

𝑑𝐹 =

𝑑𝑉𝑜𝑙

= 𝑉𝑜𝑙

Eq. (2- 60)

The location of the resultant force can be found in much the same
manner as it was found in Section 0. The incremental moment,
dM, about some point associated with an incremental force, dF, is
equal to the magnitude of the incremental force times its moment
arm, y. The total resultant moment, MR, is equal to the resultant
force, FR, times its moment arm, YR. Eq. (2- 61) below shows this
in equation form.
𝑀 =𝐹 𝑌 =

𝑑𝑀 =

𝑦𝑑𝐹 =

𝑦𝑑𝑉𝑜𝑙

Eq. (2- 61)

Recall that the magnitude of the resultant force, F R, is equal to the
volume of the pressure prism. As a result we now have:
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𝑀 = 𝐹 𝑌 = 𝑉𝑜𝑙 𝑌

𝑦𝑑𝑉𝑜𝑙

Eq. (2- 62)

Solving Eq. (2- 62), as shown below, for YR we have an expression
that is equal to the centroid of a volume. Consequently, we realize
that the location of a resultant hydrostatic force is equal to the
centroid of the pressure prism.

𝑌 =

1
𝑉𝑜𝑙

𝑦𝑑𝑉𝑜𝑙

Eq. (2- 63)

Most individuals who have some knowledge of Statics or Structural
Analysis would know that one way to find an equivalent point load
for the loading condition shown in Figure 2- 54 is to use
superposition. That is, the loading system would be broken up into
a uniform load along the length of the beam (W1) and a distributed
load along the length of the beam (W2-W1).
Superposition also applies when dealing with hydrostatic forces
using pressure prisms. The reason that superposition works is
because volume is volume no matter how that volume is carved up.
In fact, superposition is nothing more than application of Eq. (2- 60)
using a finite number of smaller volumes. In other words:
𝐹 =

𝑑𝐹 =

𝐹

The value in using superposition is that it can be easier to find the
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centroid of simpler shapes that when taken together comprise a
complex composite shape. Expressed another way, it can be more
difficult to find the centroid of a complex shape that is comprised of
multiple simpler shapes. Of course, the price that we pay for this
is that we have to manage more forces.
Consider the pressure prism acting on a submerged area as shown
in Figure 2- 55 below. Just as with the structural load shown in
Figure 2- 54 above, we can create an equivalent loading system by
representing the trapezoidally-shaped pressure distribution as a
uniform pressure distribution with a pressure of P1, and a triangular
pressure distribution with a pressure of (P2 – P1). The equivalent
loading system which makes use of superposition is shown in
Figure 2- 56. Note that the sum of F1 and F2 equals FR.
O

H1
FR

P1

H2

Y
YR

P2

Figure 2- 55
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Again the magnitude of the resultant force is equal to the volume
of the pressure prism. Since one of the dimensions of the pressure
prism is pressure, then the volume of the pressure prism is actually
the weight of the pressure prism. Thus one may confidently say
that the magnitude of the resultant force is equal to the weight of
the pressure prism.
O

H1
F2

H2

P1

F1

Y

X

H2 - H 1

P2 - P 1

Figure 2- 56

3.4.1.

Pressure Prisms – Example #1

We now rework Example #1 presented above using the concept of
pressure prisms and superposition. We wish to show that the
magnitude of the resultant force found in Section 0 can also be
found using pressure prisms. Recall that we had a 20’ by 50’
rectangular area that is submerged under water as shown in Figure
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2- 57 below. The rectangular area is oriented 35 o from the
horizontal plane with the top of the area located 10 ft along the Yaxis. Find the resultant force FR and its location.
O

Water

FR

35o

dR
d2
F2

FR

10’

d1

Y

X

F1

50’


C

20’

Figure 2- 57

We solve the problem by decomposing the trapezoidal pressure
prism into a uniform or rectangular pressure prism and a triangular
pressure prism. The magnitude of F1, the force associated with the
rectangular pressure prism, can be found by:
𝐹 = 𝑉𝑜𝑙

,

= 𝑃 𝐴 = (10 sin(35 ) 𝛾 )(20)(50) = 5,735.76𝛾

Next we find the hydrostatic force associated with the triangular
pressure.
𝐹 = 𝑉𝑜𝑙

,

= 𝑃 𝐴 = 1 2 (20 sin(35 ) 𝛾 )(20)(50) = 5,735.76𝛾
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The equivalent resultant hydrostatic force is now found by adding
F1 and F2 as shown below. Notice that this is the same resultant
force found in Section 3.3.1 – less a little bit of round-off error.
𝐹 = 𝐹 + 𝐹 = 5,735.76𝛾 + 5,735.76𝛾 = 11,471.52𝛾
If the location of the force associated with a pressure prism does
indeed pass through the centroid of the prism, then the sum of the
moments about Point O will cause the following to be true:
𝑀 =𝐹 𝑑 =𝐹 𝑑 +𝐹 𝑑
We know that d1 = (1/2)20 ft = 10 ft and that d2 = (2/3)20 = 13.33
ft. Substituting values for hydrostatic forces and moment arms into
the equation above we obtain:
11,471.52𝛾 𝑑 = 5,735.76𝛾 (10) + 5,735.76𝛾 (13.33)
𝑑 = 11.67 𝑓𝑡 = 10 𝑓𝑡 + 1.67 𝑓𝑡
The expression above indicates that the location of the resultant
force, FR, is located 1.67 ft below the centroid of the 20 ft x 50 ft
rectangular area. This is the same location we found in Section
3.3.1.
3.4.2.

Pressure Prisms – Example #2

Now let’s work a problem involving a dam that impounds water.
Dams have several design criteria associated with them including
a factor of safety against overturning. The factor of safety against
overturning is usually defined as the ratio of the resisting moments
to the overturning moments. Many communities require the factor
of safety against overturning to be 1.50 or greater.
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∑𝑀
𝐹𝑆 =
∑𝑀
Where:

≥ 1.50

FSO – factor of safety against overturning
MResist – the sum of all resisting moments
MOverturn – the sum of all overturning moments

The overturning moments are the moments caused by those forces
which act to overturn the dam about its downstream toe. Uplift
forces and in some cases hydrostatic forces will act to overturn the
dam about its downstream toe. The resisting moments are caused
by forces that resist overturning. Typically these moments are the
result of the weight of the structure although hydrostatic forces may
also contribute to the resisting moment.
Consider the 120 ft high dam shown in Figure 2- 59. We wish to
compute the factor of safety against overturning. Overturning may
occur at the downstream toe of the dam, Point A, if conditions are
right. The weight of the dam, W1 and W2 will act to resist the dam
from overturning while the hydrostatic force, FR, will act to overturn
the structure.
A free body diagram of the structure is presented in Figure 2- 59.
This diagram shows the forces acting on the dam and their relative
location. Now let’s compute the individual forces and the moment
arms associated with each force.
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20 ft
1

120 ft
2

100 ft

Dam = 150 lb/ft3
Pt A

Figure 2- 58

The weight of the dam is equal to the specific weight of the material
making up the dam ( = 150 lb/ft3) times the volume of the dam.
We can break the dam into two sections – a triangular section with
weight W1 and a rectangular section having weight W2. The
magnitude of each weight is found below. Note that the width of
the dam is W. Also note that a specific weight of 150 lb/ft 3 is
equivalent to a specific gravity of S DAM = 2.40.
𝑊 =𝛾
𝑊 = 2.40𝛾

1

𝑊 =𝛾

𝑉𝑜𝑙 = 𝑆

𝛾 𝑉𝑜𝑙

2 (120)(240)𝑊 = 34,560𝛾 𝑊
𝑉𝑜𝑙 = 𝑆

𝛾 𝑉𝑜𝑙

𝑊 = 2.40𝛾 (120)(20)𝑊 = 5,760𝛾 𝑊
Now we find the magnitude of the hydrostatic force, F R, acting on
the upstream face of the dam. The magnitude of the hydrostatic
force is equal to the volume of the pressure prism. The pressure
prism, in this case, is a triangular shape that acts maintains this
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shape along the entire width of the dam. Also note that the “base”
of the triangular pressure prims represents the magnitude of the
pressure.

d2

d1

FR
dR

W2

W1

Pt A

Figure 2- 59

The volume of the pressure prism and hence the magnitude of the
resultant force can be found from:
𝐹 = 𝑉𝑜𝑙

= 1 2 (100𝛾 )(100)𝑊 = 5,000𝛾 𝑊

Next we find the moment arms associated with the weight of the
dam and of the hydrostatic force. We know the weight of the dam
passes through the centroid of the object and, likewise, the
hydrostatic force passes through the centroid of the pressure
prism. Calculations for moment arms are presented below.
𝑑 = 2 3 (240 𝑓𝑡) = 160 𝑓𝑡
𝑑 = 240 𝑓𝑡 + 1 2 (20 𝑓𝑡) = 250 𝑓𝑡
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𝑑 = 1 3 (100 𝑓𝑡) = 33.33 𝑓𝑡
Finally we compute the factor of safety against overturning. Notice
that the terms WW are common to all terms and therefore can be
factored out of the equation. It is usually easier to work hydrostatic
problems in terms of the specific weight of water as it will exist in
all force terms.

𝐹𝑆 =

𝑊 𝑑 +𝑊 𝑑
34,560𝛾 𝑊(160) + 5,760𝛾 𝑊(250)
=
𝐹 𝑑
5,000𝛾 𝑊(33.33)
𝐹𝑆 =

6,969,600𝛾 𝑊
= 41.82
166,650𝛾 𝑊

The computed factor of safety against overturning is 41.82 which
is well above the minimum factor of safety of 1.50. This indicates
that the dam, as shown in Figure 2- 58, will not rotate about its
downstream toe – Point A.
3.4.3.

Pressure Prisms – Example #3

In some cases, the design of the dam may be such that hydrostatic
forces may actually contribute to resisting moments. Consider the
dam presented in Figure 2- 60 below. Notice how the upstream
face of the dam is sloped such that the hydrostatic pressure
distribution actually resists overturning. The free body diagram
showing the forces and moment arms associated with this system
is presented in Figure 2- 61.
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20 ft
SDAM = 2.40

100 ft

120 ft
1

75 ft

3

1
2
Pt A

Figure 2- 60

The moment arms associated with the vertical forces (W1, W2 and
W3) and the horizontal forces (FR1) are relatively easy to visualize
and to compute. The moment arms associated with the nonhorizontal forces (FR2 and FR3) require a bit more work.
A triangle can be constructed where one side is the bottom of the
dam and a second side is parallel to the upstream 3:1 face of the
dam. The third side of this triangle is a line that goes from Point A
to the second side of the triangle and makes a 90O angle with this
second line. This triangle is shown in Figure 2- 62.
We know that the hydrostatic force FR2 is located one half of the
distance L from Point B – we call this distance X2. Likewise, we
know that the force FR3 is located one third of the distance L from
Point B – we call this distance X3. Now we simply use geometry to
compute the moment arms associated with FR2 and FR3. We will
make these computations in a moment. Firstly, let’s compute the
magnitude of the forces.
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FR1
FR2
d3

FR3

dF1

d2

L
W3

W2

W1

d1

Pt A

Pt B
Figure 2- 61

The weight of the dam is the specific weight of the material making
up the dam (SDAM = 2.40) times the volume of the dam. We break
the dam into three sections: 1) a downstream triangular section, 2)
a rectangular section and 3) an upstream triangular section. The
computations below illustrated how the weight of the dam is found.
𝑊 =𝛾
𝑊 = 2.40𝛾

1

𝑊 =𝛾

𝑉𝑜𝑙 = 𝑆

𝛾 𝑉𝑜𝑙

2 (120)(240)𝑊 = 34,560𝛾 𝑊
𝑉𝑜𝑙 = 𝑆

𝛾 𝑉𝑜𝑙

𝑊 = 2.40𝛾 (120)(20)𝑊 = 5,760𝛾 𝑊
𝑊 =𝛾
𝑊 = 2.40𝛾

1

𝑉𝑜𝑙 = 𝑆

𝛾 𝑉𝑜𝑙

2 (225)(75)𝑊 = 20,250𝛾 𝑊
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Now let’s compute the moment arms associated with the weight of
the dam.
𝑑 = 2 3 (240 𝑓𝑡) = 160 𝑓𝑡
𝑑 = 240 𝑓𝑡 + 1 2 (20 𝑓𝑡) = 250 𝑓𝑡
𝑑 = 240 𝑓𝑡 + 20 𝑓𝑡 + 1 3 (225 𝑓𝑡) = 335 𝑓𝑡
The hydrostatic forces can be found by computing the volume of
the pressure prisms. Note that the pressure prism acting on the
upstream 3:1 face of the dam has been broken into a rectangular
pressure prism (FR2) and a triangular pressure prism (FR3). Thus
we are making use of superposition.
𝐹

= 𝑉𝑜𝑙

,

=

1
(25𝛾 )(25)𝑊 = 312.5𝛾 𝑊
2

The length of the upstream 3:1 face is found from:
𝐿=

(75) + (3 ∗ 75) =

(75) + (225) = 237.17 𝑓𝑡

Now the hydrostatic forces on the upstream 3:1 face can be found:
𝐹

= 𝑉𝑜𝑙
𝐹

,

= (25𝛾 )(𝐿)𝑊 = (25𝛾 )(237.17)𝑊 = 5,929.25𝛾 𝑊

= 𝑉𝑜𝑙

1
1
(
)(
)
(75𝛾 )(237.17)𝑊
75𝛾
𝐿
𝑊
=
,
2
2
= 8,893.88𝛾 𝑊
=

Now let’s compute the moment arms associated with the
hydrostatic forces.
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= 75 𝑓𝑡 + 1 3 (25 𝑓𝑡) = 83.33 𝑓𝑡

Central to computing dF2 and dF3 is knowledge of the bottom width
of the dam, B, and the angle between the upstream 3:1 face of the
dam and the horizontal, . The bottom width of the dam, B = 240
+ 20 + 225 = 485 ft. The angle  is found the 3:1 side slopes:
𝜃 = tan

dF3

FR3
X3

1
= 18.43
3

dF2

FR2
X2

Pt A



B
Figure 2- 62

We know that X2 + dF2 = Bcos(). This provides us a tool to find
dF2. We can use the same procedure to find dF3.
dF2 = Bcos() – X2 = 485cos(18.43O) – 0.5*237.17 = 341.54 ft
dF3 = Bcos() – X3 = 485cos(18.43O) – (1/3)*237.17 = 381.07 ft
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We now have all the information necessary to compute the factor
of safety against overturning for this particular structure. Notice
that the only force that contributes to overturning is FR1.
𝐹𝑆 =

∑𝑀
∑𝑀

=

𝑊 𝑑 +𝑊 𝑑 +𝑊 𝑑 +𝐹 𝑑
𝐹 𝑑

+𝐹 𝑑

∑𝑀
∑𝑀
34,560𝛾 𝑊(160) + 5,760𝛾 𝑊(250) + 20,250𝛾 𝑊(335) + 5,929.25𝛾 𝑊(341.54) + 8,893.88𝛾 𝑊(381.07)
=
312.5𝛾 𝑊(83.33)
𝐹𝑆 =

𝐹𝑆 =

19,167,616.9𝛾 𝑊
= 736.07
26,040.63𝛾 𝑊

Clearly this is a huge factor of safety and one of the reasons the
factor of safety is so large is that the hydrostatic forces F R2 and FR3
act to resist overturning. For a dam that rests on a bedrock
foundation where there are no uplift forces, then the factor of safety
will most likely be high. However, if the dam rests on a foundation
where uplift forces exist, then the factor of safety could become
unacceptably low.
Figure 2- 63 shows the case where there is saturated porous media
below the dam. The pore pressures, when acting over large areas
such as the base of the dam, may produce very large uplift forces.
We can compute the hydrostatic uplift force:
𝐹

= 𝑉𝑜𝑙

1
1
(
)(
)
(100𝛾 )(485)𝑊
100𝛾
𝐵
𝑊
=
,
2
2
= 24,250𝛾 𝑊
=
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FR1
FR2
d3

FR3

d2

L
W3
Pt B

dF1

W2

d1

W1

Pt A

FR4

dF4

Figure 2- 63

The moment arm associated with FR4 can be found from:
𝑑

= 2 3 (485 𝑓𝑡) = 323.33 𝑓𝑡

Now the factor of safety against overturning can be found from:
𝐹𝑆 =

∑𝑀
∑𝑀

=

𝑊 𝑑 +𝑊 𝑑 +𝑊 𝑑 +𝐹 𝑑
𝐹 𝑑 +𝐹 𝑑
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∑𝑀
∑𝑀
34,560𝛾 𝑊(160) + 5,760𝛾 𝑊(250) + 20,250𝛾 𝑊(335) + 5,929.25𝛾 𝑊(341.54) + 8,893.88𝛾 𝑊(381.07)
=
312.5𝛾 𝑊(83.33) + 24,250𝛾 𝑊(323.33)
𝐹𝑆 =

𝐹𝑆 =

19,167,616.9𝛾 𝑊
= 2.44
7,866,793.13𝛾 𝑊

Notice that while the factor of safety is still greater than 1.50, the
uplift force produces a very large overturning moment. In fact, it is
the overturning moment associated with the uplift force that
typically causes a dam to meet factor of safety requirements or not.
3.4.4.

Pressure Prisms – Example #4

We will now solve the same problem presented in Section 3.3.3
using pressure prisms. Recall that this system, shown in Figure 264 below, requires us to find the depth of liquid above the hinge
that just causes the gate to open.
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Gate Width = 10 Ft

H
dG
Hinge

S=0.75

d1
6’
FR

S=2.50
WG
8’

Figure 2- 64

Notice that we can decompose the trapezoidally-shaped pressure
distribution into a rectangular and a triangular pressure prism.
Superposition applies in hydrostatics. The free body diagram for
the system examined here is shown below.
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H
dG
Hinge

d1

d2
F1

S=2.50
F2

WG
8’

Figure 2- 65

Recall that the magnitude of the hydrostatic force is equal to the
volume of the pressure prism. The location of the resultant force
passes through the centroid of the pressure prism. With regard to
the rectangular pressure prism shown in Figure 2- 65 that
represents the pressure associated with the weight of the fluid
above the hinge, the magnitude of the resultant force is:
𝐹 = 𝐻(0.75)𝛾 (6)(10) = 45𝛾 𝐻
The moment arm associated with F1 is d1 = 3 ft.
The magnitude of the resultant force, F2, associated with the fluid
acting on the gate itself is:
𝐹 =

1
(0.75)6𝛾 (6)(10) = 135𝛾
2
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The moment arm, d2, associated with F2 is:
2
6 = 4 𝐹𝑡
3

𝑑 =

From the previous section we obtain the weight of the gate and its
moment arm:
𝑊 = 𝛾 𝑉𝑜𝑙 = 2.50𝛾
𝑑 =

1
(6)(8)(10) = 600𝛾
2

1
(8) = 2.67 𝐹𝑡
3

Now we sum the moments associated with the weight of the gate
and the hydrostatic force about the hinge. The gate will just open
when the sum of the moments about the hinge is equal to zero.
∑𝑀 = 0 = 𝑊 𝑑 −𝐹 𝑑 −𝐹 𝑑
∑ 𝑀 = 𝑊 𝑑 − 𝐹 𝑑 − 𝐹 𝑑 = 600𝛾 (2.67) − 45𝛾 𝐻 (3) −
135𝛾 (4) = 0
∑ 𝑀 = 1602𝛾 − 135𝛾 𝐻 − 540𝛾 = 0
∑ 𝑀 = 1062𝛾 − 135𝛾 𝐻 = 0
135𝛾 𝐻 = 1062𝛾
𝐻=

1062𝛾
= 7.87 𝐹𝑡
135𝛾
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Pressure Prisms – Example #5

We will work the same problem presented in Section 0 except now
we work the problem using pressure prisms. Recall that the
magnitude of the resultant force is equal to the volume of the
pressure prism. Figure 2- 66 shows the free body diagram
associated with the system including the pressure prism acting
along the face of the gate. Recall that the specific gravity of the
gate material is SG = 2.50 and that the specific gravity of the liquid
is f = 0.75.
Again the weight of the gate is equal to the specific weight of the
gate times the gate volume.
𝑊 = 𝛾 𝑉𝑜𝑙 = 2.50𝛾
𝑑 =

1
(6)(8)(10) = 600𝛾
2

2
(8) = 5.33 𝐹𝑡
3
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8’
dG

H
Hinge

P1=0.75wH
Centroid

6’

d1
WG
F1

P2=0.75w(6)

d2

F2
FR

Figure 2- 66 – Free Body Diagram

One of the nice features of pressure prisms is that we can apply
superposition when we use them. Therefore, the trapezoidallyshaped pressure distribution acting on the face of the gate can be
decomposed into a rectangular and a triangular pressure prism.
The volume of the pressure prism is equal to the cross-sectional
area of the prism times the width of the prism. Also the location of
the hydrostatic force associated with a pressure prism passes
through the centroid of the prism. The calculations below illustrate
these points.
𝐹 = 0.75𝛾 (𝐻)(10)(10) = 75𝛾 𝐻
𝑑 =

1
(10) = 5 𝐹𝑡
2

Notice that force F1 passes through the centroid of the rectangular
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pressure prism. Thus the moment arm associated with F 1 is 5 ft.
Notice for the triangular pressure prism that the pressure along the
base of the triangle is 0.75w(6).
𝐹 = 0.75𝛾
𝑑 =

1
(6)(10)(10) = 225𝛾
2

2
(10) = 6.67 𝐹𝑡
3

We now sum moments about the hinge to determine the depth of
liquid that will cause the gate to just open.
∑𝑀 = 0 = 𝑊 𝑑 −𝐹 𝑑 −𝐹 𝑑
𝑊 𝑑 − 𝐹 𝑑 − 𝐹 𝑑 = 600𝛾 (5.33) − 75𝛾 (𝐻)(5) − 225𝛾 (𝐻)(6.67) = 0
𝑊 𝑑 − 𝐹 𝑑 − 𝐹 𝑑 = 3200𝛾 − 375𝛾 (𝐻) − 1500𝛾 = 0
𝑊 𝑑 − 𝐹 𝑑 − 𝐹 𝑑 = 1700𝛾 − 375𝛾 (𝐻) = 0
375(𝐻) = 1700
𝐻=

= 4.53 𝐹𝑡

Notice that this is the same solution that we obtained earlier – which
is what we would expect.
3.4.6.

Pressure Prisms – Example #6

An engineer proposes to construct a tailings dam of lightweight
concrete having a specific gravity of 1.8. The proposed design is
shown in Figure 2- 67 below. Would you approve the design? Why
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or why not? Support your claim with all necessary computations.

10’

Not To Scale

5’

S=2.1
25’
25’

10’

Silty Sand

110’

Figure 2- 67

We solve this problem by examining the resisting moments versus
the overturning moments. The free body diagram for this system
is shown in Figure 2- 68. We compute the weight of the dam by
multiplying the specific weight of the material making up the dam
by the volume. Let’s assume that the width of the dam is some
general value W. Therefore…
𝑊 =𝛾

∀ = 1.8𝛾

𝑊 =𝛾

1
(75)(25)𝑊 = 1,687.5𝛾 𝑊
2

∀ = 1.8𝛾 (10)(30)𝑊 = 540𝛾 𝑊
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𝑊 =𝛾

1
(25)(10)𝑊 = 225𝛾 𝑊
2

∀ = 1.8𝛾
10’

Not To Scale
5’

S=2.1

d2

F1

25’
W2

25’
dF1

F3

F2
d1
W3

Silty Sand

W1

d3

110’
F4

10’
O

dF3
dF4

dF2

Figure 2- 68 - Free Body Diagram for Example #6

Now we find the moment arms for each of the weight forces. We
use the location of the centroid of a triangle and a rectangle for this
purpose.
2
𝑑 =
75 = 50 𝑓𝑡
3
𝑑 = 75 +
𝑑 = 75 + 10 +

1
10 = 80 𝑓𝑡
2
1
25 = 93.33 𝑓𝑡
3
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Now we compute the hydrostatic forces using the pressure prism
approach. Note that in order to produce a worst-case condition, we
place the liquid level at the very top of the dam. This produces the
highest uplift force (F4).
𝐹 =∀
𝐹 =∀
𝐹 =∀

=

1
(2.1𝛾 (20))(20)𝑊 = 420𝛾 𝑊
2

= (2.1𝛾 (20))

(25 + 10 ) 𝑊 = 1,130.88𝛾 𝑊

1
(2.1𝛾 (10))
2

=

𝐹 =∀

(25 + 10 ) 𝑊 = 282.72𝛾 𝑊

1
(2.1𝛾 (30))(110)𝑊 = 3,465𝛾 𝑊
2

=

Finally we compute the moment arms for each of the hydrostatic
forces recalling that the hydrostatic force passes through the
centroid of the pressure prism. Finding the moment arms for F 1
and F4 is straight-forward. Finding the moment arms for F 2 and F3
requires some use of trigonometry.
𝑑

= 10 +
𝑑

=

1
20 = 16.67 𝑓𝑡
3

2
110 = 73.33 𝑓𝑡
3

To find the moment arms for F2 and F3 we need to draw the dam
somewhat to scale. This is done in the figure below. Notice the
right triangle drawn with the base of the dam serving as the
hypotenuse of this right triangle. We can compute the angle that
the dam face, on the upstream side of the dam, makes with the
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horizontal by using the dimensions of the dam.

Right Angle

110 Ft

Figure 2- 69 - Dam Drawn to Scale

𝜃 = tan

10
= 21.80
25

Knowing the angle that the upstream side of the dam face makes
with the horizontal, we can compute the base dimension of the right
triangle.
𝑋 = 110 cos(21.80 ) = 102.13 𝑓𝑡
We know that the location of F2 is one half of the distance of the
angled upstream face of the dam. The length of the angled face is:
𝐿=

10 + 25 = 26.93 𝑓𝑡

The location of F2 is one half of L or 13.46 from the bottom of the
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dam. Therefore we now have the information necessary to
compute the moment arm for F2.
𝑑

1
= 102.13 − (26.93) = 88.67 𝑓𝑡
2

Likewise we can compute the moment arm for F3 knowing that it’s
location from the bottom of the dam is 1/3rd of L.
𝑑

1
= 102.13 − (26.93) = 93.15 𝑓𝑡
3

Now it’s a simple matter of summing moments about the
downstream toe of the dam to determine if the resulting moment
causes the dam to overturn or if the resulting moment causes the
dam to remain stationary.
𝑀 =𝑊 𝑑 +𝑊 𝑑 +𝑊 𝑑 +𝐹 𝑑

+𝐹 𝑑

−𝐹 𝑑

−𝐹 𝑑

𝑀 = (1,687.5𝛾 𝑊 )(50) + (540𝛾 𝑊 )(80) + (225𝛾 𝑊 )(93.33)
+ (1,130.88𝛾 𝑊 )(88.67) + (282.72𝛾 𝑊 )(93.15)
− (420𝛾 𝑊 )(16.67) − (3,465𝛾 𝑊)(73.33)
Notice that the terms w and W are common to all terms in the
equation. Thus we can factor these out. We now have:
𝑀 = 𝛾 𝑊 (84,375 + 43,200 + 21,000 + 100,271.4 + 26,335.4
− 7,000 − 254,100) = 𝛾 𝑊 (275,181.8 − 261,100)
= 14,081.8𝛾 𝑊
The design appears to be acceptable because the resisting
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moment is greater than the overturning moment. In other words,
the net moment about Point O is positive indicating that rotation is
in a counterclockwise direction. As a result, the dam will not
overturn.
However, what we have not considered is the uncertainty in our
analysis. We may not know with a great deal of precision the
values of the variables in our problem. In other words, perhaps the
specific gravity of the fluid impounded behind the dam is greater
than S = 2.1. Or possibly the specific gravity of the lightweight
concrete is less than S = 1.8. There could be other parameters that
may have uncertainty such as the dimensions of the dam. For
these reasons we typically want some safety factor built into our
design.
The way this is frequently handled in dam design is to examine the
Factor of Safety. Commonly if the Factor of Safety is equal to or
greater than 1.50 then we assume that the dam is safe and the
design acceptable. The Factor of Safety against overturning is
defined as the ratio of the resisting moments to the overturning
moments.
𝐹𝑆 =

∑𝑀
∑𝑀

≥ 1.50

For our problem presented here the resisting moments are the
weight of the dam and the hydrostatic forces acting on the angled
upstream face of the dam. The uplift force and the hydrostatic force
acting on the vertical upstream dam face act to overturn the
structure.
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𝛾 𝑊 (84,375 + 43,200 + 21,000 + 100,271.4 + 26,335.4)
𝛾 𝑊(7,000 − 254,100)
275,181.8𝛾 𝑊
=
= 1.05
261,100𝛾 𝑊

Notice that the Factor of Safety against overturning is less than
1.50 thus indicating that the dam design really should not be
accepted after all.
3.5.

Water Wedges

Water wedges represent a graphical way of resolving a hydrostatic
force that is neither horizontal nor vertical into its horizontal and
vertical components. Water wedges also allow hydrostatic forces
on curved surfaces to be rather easily examined. The fundamental
idea behind water wedges is that 1) the horizontal component of a
hydrostatic force is equal to the pressure times the vertical
projection of the area over which the pressure acts and 2) the
vertical component of a hydrostatic force is simply the net weight
of the fluid above an area. Water wedges are frequently used with
pressure prisms to solve fairly complex hydrostatic problems.
Depending upon the nature of the submerged surface, it is possible
that we need to subtract the weight of the water wedge from the
uplift force. Water wedges can be used for any type of area
regardless of its shape – though they are easiest to use on
rectangular surfaces. The examples below illustrate how to
develop hydrostatic force systems using water wedges.
Let’s look at the case of a rectangular gate as shown in Figure 270 below. Liquid occupies the left side of the gate at a depth of
four feet. Liquid occupies the right side of the gate at a depth of
eleven feet. The hydrostatic forces are also shown in the diagram.

© 2002-2022 WaterWare Consultants. All rights reserved.

CEE 313 Course Notes

Page 131

An equivalent force system that makes use of a water wedge (W 1)
is shown in Figure 2- 71.

S=1.50

5’

P=1.50(5W)

Hinge

F3
F1

6’

4’
F2

S=2.70
WG

P=1.50(6W)

8’

Figure 2- 70

Note that the force system shown in in Figure 2- 71 makes use of
a water wedge located on the left side of the gate. In fact, the
vertical component of F3 is equal to the weight of the liquid above
the left side of the gate, i.e F3,V = W1. Also notice how a hydrostatic
pressure distribution was applied to the vertical projection of the
gate. The resultant force, F3,H, is equivalent to the horizontal
component of F3.
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5’

Hinge

F3,V = W 1
F1

4’

6’
F2

F3,H

WG
8’

Figure 2- 71

Now let’s look at a slightly revised version of the system described
above. In this case there is three feet of fluid above the left side of
the gate for a total depth of nine feet. This is shown in Figure 2- 72
below. An equivalent force system is shown in Figure 2- 73.
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S=1.50
P=2.70(3W )

5’

3’
P=1.50(5W )

F1

6’
F2

S=2.70

WG

P=1.50(6W )

8’

Figure 2- 72
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S=1.50
3’

5’

S=2.70
P=1.50(5W )

F1

6’
F2

WG

P=1.50(6W )

8’

Figure 2- 73

Finally we see a case where the gate has buoyant forces acting on
it in Figure 2- 74. The buoyant forces are the vertical components
of F2 and F3. Note that these vertical components act upward and
thus impart an uplift force on the gate. We can develop an
equivalent force system using water wedges. The equivalent force
system is shown in Figure 2- 75.
The vertical components of F2 and F3 in the force system shown in
Figure 2- 74 are equal to the net vertical force shown in Figure 275. In other words:
F4 – W1 = F2,V + F3,V
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8’

Hinge
S = 1.75

S = 0.85

S = 1.65
4’

F1

6’
WG
F2

F3

Figure 2- 74
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8’

Hinge
S = 1.75

S = 0.85

S = 1.65
F2,H
4’

6’

WG

F1

F3,H
W1

F4

Figure 2- 75

Let’s take a closer look water wedges particularly on curved
surfaces. We illustrate with Figure 2- 76 below. We know from Eq.
(2- 47) that the resultant force, FR, equals:
𝐹 = 𝛾𝐻 𝐴
The horizontal and vertical components of F R can be found using
the sin and cosine of the angle  as shown below.
𝐹 = 𝛾𝐻 𝐴
𝐹
𝐹

= 𝐹 cos 𝜃 = 𝛾𝐻 𝐴 cos 𝜃

,
,

= 𝐹 sin 𝜃 = 𝛾𝐻 𝐴 sin 𝜃
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The difficulty associated with curved surfaces is that it is difficult to
find the angle that the resultant force makes with the curved
surface. It is also very difficult to find the location of the centroid of
the submerged surface. For these reasons water wedges are the
preferred method of computing hydrostatic forces on curved
surfaces.

FR,V


FR

FR,H

Figure 2- 76

We construct a free body diagram of the system shown in Figure
2- 76, yet this time we use water wedges. A water wedge is a
volume of fluid that has vertical and horizontal boundaries as
illustrated in Figure 2- 77.

© 2002-2022 WaterWare Consultants. All rights reserved.

CEE 313 Course Notes

Page 138

F1

W1

F2

Figure 2- 77

The horizontal component of the resultant force shown in Figure 276 is simply equal to the value of F1 shown in Figure 2- 77. The
vertical component of the resultant force shown in in Figure 2- 76
is equal to the value of F2 less the value of W1 shown in Figure 277. Once we find the values of the horizontal and vertical forces
then it is a rather easy matter to find the magnitude of the resultant
force. The expressions below summarize
𝐹

,

=𝐹

𝐹 =

𝐹

𝐹

,

,

+ 𝐹

=𝐹 −𝑊

,
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Pressure Prisms and Water Wedges – Example #1

In this example we rework the problem shown in Section 0 and
Section 3.4.5 using water wedges and pressure prisms. This
system is shown again in Figure 2- 78 below. Recall the
fundamental idea associated with water wedges is to draw a water
wedge so that all hydrostatic forces are oriented either horizontally
or vertically. The free body diagram with water wedges is shown
in Figure 2- 79.

Gate Width = 10 Ft

H

S=0.75

Hinge

S=2.50
6’
10’

8’

Figure 2- 78
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8’

H
dG
Hinge

d3

d1
d2

dW1

6’

F1

WG
W1

F2

F3

Figure 2- 79

From the earlier problems involving the same system:
𝑊 = 𝛾 𝑉𝑜𝑙 = 2.50𝛾
𝑑 =

1
(6)(8)(10) = 600𝛾
2

2
(8) = 5.33 𝐹𝑡
3

The forces F1, F2 and F3 are found by computing the volume of the
pressure prism. The moment arm associated with each of these
forces is found by recognizing that the force passes through the
centroid of the pressure prism.
𝐹 = 0.75𝐻𝛾 (6)(10) = 45𝐻𝛾
1
𝑑 = (6) = 3 𝐹𝑡
2
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2
(6) = 4 𝐹𝑡
3

𝐹 = 0.75(𝐻 + 6)𝛾 (8)(10) = 60𝐻𝛾 + 360𝐻𝛾
𝑑 =

1
(8) = 4 𝐹𝑡
2

𝑊 = 0.75𝛾
𝑑

=

1
(6)(8)(10) = 180𝛾
2

1
(8) = 2.67 𝐹𝑡
3

Now we sum moments about the hinge and set equal to zero so
that we can find the depth, H, that just causes the gate to open.
∑𝑀 = 0 = 𝑊 𝑑 + 𝑊 𝑑

−𝐹 𝑑 −𝐹 𝑑 −𝐹 𝑑

∑ 𝑀 = 0 = 600𝛾 (5.33) + 180𝛾 (2.67) − 45𝐻𝛾 (3) − 135𝛾 (4) −
(60𝐻𝛾 + 360𝛾 )(4)
∑ 𝑀 = 0 = 3200𝛾 + 480𝛾 − 135𝐻𝛾 − 540𝛾 − 240𝐻𝛾 − 1440𝛾
𝑀 = 0 = 1700𝛾 − 375𝐻𝛾
375𝐻𝛾 = 1700𝛾
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1700𝛾
= 4.53 𝐹𝑡
375𝛾

Note that the water wedge and pressure prism approach provided
the same solution as that given by the basic equation of fluid
statics.
3.5.2.

Pressure Prisms and Water Wedges – Example #2

In this example we work a problem where the submerged area
consists of a curved surface. Water wedges are particularly useful
for those cases where the submerged area is curved. Consider the
system shown in Figure 2- 80 which contains a quarter circle gate
that holds back water. Find the depth of water upstream of the gate
such that the gate just starts to open.

H = ??

Hinge

R = 15 Ft
S = 2.65
H = 5 Ft

Figure 2- 80 - Curved Gate

We solve the problem by first drawing a free body diagram showing
all the forces and each moment arm associated with the system.
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The free body diagram is shown in the figure below. The orange
shapes represent the hydrostatic pressure distribution acting on the
gate. Note that the shape of the hydrostatic pressure distribution
is such that the pressure is normal or perpendicular to the gate at
all locations and that the pressure increases with depth.

d1

H-15
F1

Hinge
dg
d2

R = 15 Ft
S = 2.65 Wg

F2
F3V
F3
F3H
Figure 2- 81 - Free Body Diagram on Curved Gate

We presume that, owing to the shape of the quarter circle gate, that
the location of the hydrostatic force acting on the curved portion of
the gate passes right through the hinge thus indicating that the
moment arm is zero. Consequently if this is indeed the case, then
the magnitude of the hydrostatic force, F3, will never play a role in
determining if the gate will open.
We can prove (or disprove) our theory by working the problem
using pressure prisms and water wedges. Again the difficulty with
curved surfaces arises in computing the volume of the pressure
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prism (which is the magnitude of the resultant force) and, more
importantly, finding the location of the centroid of the pressure
prism (which is the location of the resultant force). Figure 2- 82
below shows the free body diagram using pressure prisms and
water wedges.

d1

H-15
F1

Hinge

d4

dg
d2

F4

R = 15 Ft
S = 2.65 Wg

dww WW1

F2

d6

d5

F5

F6

Figure 2- 82 - Free Body Diagram Using Water Wedges

Notice the presence of the water wedge WW1. This wedge has
the shape of a skateboard ramp. It is formed by taking the area of
a square and subtracting the area of a quarter circle. The volume
is found by applying this formed area by the width of the gate. Also
notice now how all hydrostatic forces are oriented in either a
horizontal or vertical direction. In fact, the sum of F4 and F5 in
Figure 2- 82 above is equal to the horizontal component of the
hydrostatic force acting on the curved portion of the gate (F3H in
Figure 2- 81). Likewise the sum of F6 and WW1 in Figure 2- 82
above is equal to the vertical component of the hydrostatic force
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acting on the curved portion of the gate (F3V in Figure 2- 81).
Now let’s show (or disprove) that the moment produced by the
hydrostatic force acting over the curved surface of the gate is zero.
We do this by finding the net moment associated with the vertical
and horizontal forces as shown below.
𝑀 = 𝐹6(𝑑6) − [𝐹4(𝑑4) + 𝐹5(𝑑5) + 𝑊𝑊1(𝑑𝑤𝑤)]
We now find the individual hydrostatic forces and their respective
moment arms about the hinge. The magnitude of the hydrostatic
force is computed using pressure prisms and the location of the
hydrostatic force passes through the pressure prism.
𝐹4 = (𝐻 − 15)𝛾 (15)𝑊
𝑑4 =
𝐹5 =

1
(15) = 7.5 𝑓𝑡
2

1
15𝛾 (15)𝑊 = 7.5𝛾 (15)𝑊
2
𝑑5 =

2
(15) = 10 𝑓𝑡
3

𝐹6 = 𝐻𝛾 (15)𝑊
𝑑6 =
𝑊𝑊1 = 𝛾

1
(15) = 7.5 𝑓𝑡
2

1
(15) − 𝜋(15)
4

𝑊 = (15) 1 −

𝜋
𝛾 (15)𝑊
4

𝑊𝑊1 = (3.219)𝛾 (15)𝑊
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From Figure 2- 36 we see that the location of the centroid of the
water wedge is:
𝑑𝑤𝑤 =

𝑅

15
=
𝜋
𝜋 = 11.650 𝑓𝑡
6 1−
6 1−
4
4

Now summing moments about the hinge we have:
𝑀 = 𝐹6(𝑑6) − [𝐹4(𝑑4) + 𝐹5(𝑑5) + 𝑊𝑊1(𝑑𝑤𝑤)]
𝑀 = 𝐻𝛾 (15)𝑊 (7.5)
− [(𝐻 − 15)𝛾 (15)𝑊 (7.5) + 7.5𝛾 (15)𝑊 (10)
+ (3.219)𝛾 (15)𝑊(11.650)]
Notice that the term w(15)W is common to all forces. So we
factor out this common term. We now have:
𝑀 = 𝛾 (15)𝑊 [𝐻(7.5) − (𝐻 − 15)(7.5) − 7.5(10)
− (3.219)(11.650)]
We now factor out a 7.5 from all terms to obtain:
𝑀 = 𝛾 (15)𝑊(7.5) 𝐻 − (𝐻 − 15) − (10) −

(3.219)(11.650)
7.5

Simplifying we get:
𝑀 = 𝛾 (15)𝑊 (7.5)[𝐻 − 𝐻 + 15 − 10 − 5] = 0
So as we suspected all along there is no moment produced by the
hydrostatic force acting on the curved portion of the gate. The
reason there is no moment is because the line of action of the
hydrostatic force acting on the curved portion of the gate passes
through the hinge – so no moment arm. In fact, the moment
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produced by the hydrostatic force acting on the top of the gate (F1)
and the moment produced by the weight of the gate (Wg) are
probably sufficient to overcome the moment produced by the
hydrostatic force acting on the downstream face of the gate (F2).
Even if the gate were partially submerged, then the hydrostatic
force would still pass through the center of the gate. This is the
result of the hydrostatic force acting normal or perpendicular to the
gate. Let’s examine this condition.
Consider the case shown in Figure 2- 83 below. Notice that the
quarter circle gate is only partially submerged. The hydrostatic
pressure distribution acting on the gate is shown in orange. Again
the difficulty arises from finding the location of the resultant
hydrostatic force. Water wedges are the answer.

Hinge
dg
d2

R = 15 Ft
S = 2.65 Wg

H = 4 ft

F2
F1V

F1
F1H

Figure 2- 83 - Partially Submerged Gate

Now we draw the free body diagram using pressure prisms. Recall
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that water wedges are a graphical approach that allow all
hydrostatic forces to be drawn such that they are oriented
horizontally and vertically. Figure 2- 84 shows the free body
diagram for this system with water wedges.

d1

Hinge
dg
d2

WW1

R = 15 Ft
S = 2.65

Wg

dww

F2

d3

F3

H = 4 ft

F1

Figure 2- 84 - Free Body Diagram with Water Wedges

Notice that we require the area and the dimensions associated with
the water wedge. We can rely on the equations below to assist us.
These expressions are taken from open channel flow hydraulics –
specifically the geometric properties of circular pipes.
Frequently in civil engineering applications we make use of circular
pipes such as those found in storm sewer systems. Thus it is
helpful to examine a bit more closely the geometric properties of
circular pipes. Consider the circular pipe shown in Figure 2- 85.
The pipe has a diameter of D and a flow depth of y.
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D

+



y

Figure 2- 85 - Open Channel Flow in Circular Pipe

The interior angle, , can be found from the expression below.
Note that the interior angle is expressed in radians and not
degrees.
𝜃 = cos

1−

2𝑦
𝐷

Eq. (2- 64)

The cross-sectional area of flow, the wetted perimeter and top
width can be found from:
𝐴=

𝐷 (𝜃 − sin 𝜃 cos 𝜃 )
4

Eq. (2- 65)
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𝑃 = 𝜃𝐷
Eq. (2- 66)

𝑇 = 𝐷 sin(𝜃)
Eq. (2- 67)

If we treat the quarter circle gate as a circular pipe having a
diameter of twice the radius and the depth of flow being equal to
the depth of water upstream of the gate, then we can compute the
area and dimensions of the water wedge. These calculations are
shown below.
The area of the quarter circle from its bottom to the depth of the
liquid can be found from:
𝜃 = cos

1−

2𝑦
= cos
𝐷

1−

2(4)
= 0.748 𝑅𝑎𝑑
2(15)

The area within the “pipe” associated with a depth of 4 ft is:
𝐴=

𝐷 (𝜃 − sin 𝜃 cos 𝜃 ) (30) (0.748 − sin(0.748) cos(0.748))
=
4
4
= 56.028 𝑓𝑡

The top width of the area within the “pipe” is:
𝑇 = 𝐷 sin(𝜃) = 30 sin(0.748) = 20.405 𝑓𝑡
The area of the water wedge can be found from the expression
below. Note that we are using one half of the area and top width
since we are working with the right side of the circle.
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+


T
A

Aww

𝐴

=

4 Ft

1
1
1
1
𝑇 (𝐻 ) − 𝐴 = (20.405)(4) − (56.028) = 12.796 𝑓𝑡
2
2
2
2

Our hypothesis is that the moment produced by F1, F3 and WW1
has a net value of zero. We can compute the magnitude and
moment arms of F1 and F3 quite easily as shown below.
𝐹 = 𝑆 𝛾 (𝐻 )

1
1
𝑇 𝑊 = 𝑆 𝛾 (4) (20.405) 𝑊 = 40.81𝑆 𝛾 𝑊
2
2
𝑑 =

𝐹 =

1 1
20.405
𝑇 =
= 5.101 𝑓𝑡
2 2
4

1
1
𝑆 𝛾 (𝐻 )𝐻𝑊 = 𝑆 𝛾 (4)(4)𝑊 = 8𝑆 𝛾 𝑊
2
2
𝑑 = (15 − 4) +

2
(4) = 13.667 𝑓𝑡
3
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The weight of the water wedge is:
𝑊𝑊 = 𝛾𝑉𝑜𝑙 = 𝑆 𝛾 𝐴

𝑊 = 𝑆 𝛾 (12.796)𝑊

Now we find the moment arm associated with the water wedge.
Using the expression below we can find the approximate location
of the centroid of the water wedge.
𝑑

=𝑋 =

∑(𝑥𝐴)
= 7.725 𝑓𝑡
𝐴

Now we find the moment produced by the hydrostatic force that
acts on the curved portion of the gate. Note that we have resolved
this hydrostatic force into its horizontal and vertical components by
using water wedges. Again our hypothesis is that the resultant
force passes through the hinge and therefore produces no
moment.
𝑀 = 𝐹 𝑑 − 𝐹 𝑑 − 𝑊𝑊 𝑑
𝑀 = 40.81𝑆 𝛾 𝑊(5.101) − 8𝑆 𝛾 𝑊(13.667)
− 𝑆 𝛾 (12.796)𝑊(7.725)
Factor out common terms to obtain:
𝑀 = 𝑆 𝛾 𝑊 [40.81(5.101) − 8(13.667) − (12.796)(7.725)]
Simplifying we have:
𝑀 = 𝑆 𝛾 𝑊 [208.172 − 109.336 − 98.849] = −(0.013)𝑆 𝛾 𝑊
We can see from the expression above that the moment about the
hinge due to the hydrostatic force acting on the curved portion of
the gate is, for all practical purposes, zero. Roundoff prevents the
© 2002-2022 WaterWare Consultants. All rights reserved.

CEE 313 Course Notes

Page 153

moment from being precisely equal to zero. Nonetheless, this
proves that the line of action of the hydrostatic force acting on the
curved portion of the gate does in fact pass through the center of
the circular gate therefore producing no moment.
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Comparison of Methods

What we have presented in the previous sections are various
methods to compute the magnitude and location of hydrostatic
forces. We see that each of the methods are equivalent. In this
section we prove that each of the methods are equivalent – at least
for a rectangular shaped area. This is accomplished by applying
the four methods summarized below to a general case shown in
a) The four methods that produce the same results are:
b) Basic equations of hydrostatics,
c) Pressure prisms,
d) Resolve forces into horizontal and vertical components,
e) Water wedges.
Consider the general case of a gate shown in the figure below. The
hydrostatic pressure distribution acting on the gate is shown in
orange. We will show that the magnitude of the hydrostatic force
and that the moment about the hinge is the same using each of the
four methods listed above.
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Gate Width = W

H
Hinge



L

d

FR

Figure 2- 86 - General Case of Hydrostatic Forces on Rectangular Surface

Basic Equations of Hydrostatics
For the basic equations of hydrostatics we have:
𝐹 =𝛾 ℎ 𝐴
𝛾 =𝑆 𝛾
1
ℎ = 𝐻 + 𝐿 sin 𝜃
2
𝐴 = 𝐿𝑊
For the gate above the hydrostatic force is:
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𝐹 =𝑆 𝛾

1
𝐻 + 𝐿 sin 𝜃 𝐿𝑊
2

The moment arm associated with the hydrostatic force is:
𝑑=

1
1
𝐼
𝐿+Δ= 𝐿+
2
2
𝑦𝐴

1
𝐻 + 𝐿 sin 𝜃
ℎ
𝐻
1
2
𝑦 =
=
=
+ 𝐿
sin 𝜃
sin 𝜃
sin 𝜃 2
1

Δ=

𝐿
12 𝐿 𝑊
=
𝐻
1
𝐻
1
+ 𝐿 𝐿𝑊 12
+ 𝐿
sin 𝜃 2
sin 𝜃 2

𝑑=

1
1
𝐿+Δ= 𝐿+
2
2
12

𝐿
𝐻
1
+ 𝐿
sin 𝜃 2

Now let’s find the moment about the hinge.

𝑀 =𝐹 𝑑= 𝑆 𝛾

1
𝐻 + 𝐿 sin 𝜃 𝐿𝑊
2

1
𝐿+
2
12

Expanding the expression above gives:
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𝑀 = 𝑆 𝛾 𝐿𝑊

+

𝐻

1
1
𝐿+
𝐿 sin 𝜃 +
2
4
12

𝐻𝐿
𝐻
1
+ 𝐿
sin 𝜃 2

𝐿 sin 𝜃
𝐻
1
24
+ 𝐿
sin 𝜃 2

We rearrange the equation above slightly:

𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻

1
1
𝐿+
𝐿 sin 𝜃 +
2
4
12

𝐻𝐿
𝐻
1
+ 𝐿
sin 𝜃 2

1

𝐿𝐿 sin 𝜃
2
+
𝐻
1
12
+ 𝐿
sin 𝜃 2
Factor out L2 from the last two terms in the bracket:

𝑀 = 𝑆 𝛾 𝐿𝑊

+𝐿

𝐻

1
1
𝐿+
𝐿 sin 𝜃
2
4

1 𝐿 sin 𝜃
𝐻
2
+
𝐻
1
𝐻
1
12
+ 𝐿
12
+ 𝐿
sin 𝜃 2
sin 𝜃 2

Combine the last two terms within the bracket:

𝑀 = 𝑆 𝛾 𝐿𝑊

1
1
𝐻
𝐿+
𝐿 sin 𝜃 + 𝐿
2
4

𝐻 + 1 2 𝐿 sin 𝜃
𝐻
1
12
+ 𝐿
sin 𝜃 2

Now factor out a sin from the last two terms in the bracket:
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𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻

1
1
𝐿+
𝐿 sin 𝜃
2
4

𝐻
1
+ 𝐿
sin 𝜃 2
+ 𝐿 sin 𝜃
𝐻
1
12
+ 𝐿
sin 𝜃 2
Simplify the expression above:
𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻

1
1
1
𝐿+
𝐿 sin 𝜃 + 𝐿 sin 𝜃
2
4
12

𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻

1
3
1
𝐿+
𝐿 sin 𝜃 + 𝐿 sin 𝜃
2
12
12

1
4
𝐿+
𝐿 sin 𝜃
2
12
1
1
= 𝑆 𝛾 𝐿𝑊 (𝐿)
𝐻+
𝐿 sin 𝜃
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻

Pressure Prisms
The figure below shows the pressure prisms that act on the gate.
Recall that the magnitude of the resultant force equals the volume
of the pressure prism. The “thickness” of the pressure prism
represents the pressure. Therefore:
𝐹 = 𝑆 𝛾 𝐻𝐿𝑊
𝑑 =

1
𝐿
2
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Gate Width = W

H

Hinge


d1
L
d2
F1

F2

Figure 2- 87 - Free Body Diagram for Pressure Prisms

𝐹 =

1
𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊
2
𝑑 =

2
𝐿
3

We show that the sum of F1 and F2 is equal to FR:
𝐹 =𝑆 𝛾

1
𝐻 + 𝐿 sin 𝜃 𝐿𝑊
2

1
𝐹 +𝐹 = 𝑆 𝛾 𝐻𝐿𝑊 + 𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊
2
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𝐹 +𝐹 = 𝑆 𝛾

1
𝐻 + 𝐿 sin 𝜃 𝐿𝑊
2

We show that the sum of the moments produced by F 1 and F2 is
equal to the moment produced by FR.
𝑀 = 𝑆 𝛾 𝐿𝑊 (𝐿)

1
1
𝐻+
𝐿 sin 𝜃
2
3

𝑀 =𝐹 𝑑 +𝐹 𝑑
𝑀 = 𝑆 𝛾 𝐻𝐿𝑊

1
1
2
𝐿 + 𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 𝐿
2
2
3

Factoring out common terms gives:
𝑀 = 𝑆 𝛾 𝐿𝑊 (𝐿)

1
1
𝐻 + 𝐿 sin 𝜃
2
3

Resolve Forces into Horizontal and Vertical Components
We saw from the exercise just completed that FR is equal to the
sum of F1 and F2. Now we resolve F1 and F2 into their respective
horizontal and vertical components and show that the moment
produced by these forces is the same as the moment produced by
FR and by F1 and F2. The free body diagram for this system is
shown in Figure 2- 88.
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Gate Width = W

dV2
H

dV1
Hinge



dH1
dH2
L

F1

F2

Figure 2- 88 - Free Body Diagram for Horizontal and Vertical Forces

Let’s take a closer look at the force diagram for one of the
hydrostatic forces. This closer look will provide insight into the
angle that the force makes with the horizontal. From Figure 2- 89
we see that:
𝐹

= 𝐹 sin 𝜃 = 𝑆 𝛾 𝐻𝐿𝑊 sin 𝜃

𝐹

= 𝐹 cos 𝜃 = 𝑆 𝛾 𝐻𝐿𝑊 cos 𝜃
𝑑

=

1
𝐿 sin 𝜃
2

𝑑

=

1
𝐿 cos 𝜃
2
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F1V



F1


F1H
Figure 2- 89 - Closer Inspection of Angles

𝐹

= 𝐹 sin 𝜃 =

1
𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 sin 𝜃
2

𝐹

= 𝐹 cos 𝜃 =

1
𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 cos 𝜃
2

𝑑

=

2
𝐿 sin 𝜃
3

𝑑

=

2
𝐿 cos 𝜃
3

Let’s add the horizontal components:
𝐹 =𝐹

+𝐹

= 𝑆 𝛾 𝐻𝐿𝑊 sin 𝜃 +

1
𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 sin 𝜃
2

Factoring out common terms gives:
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= 𝑆 𝛾 𝐿𝑊 𝐻 sin 𝜃 +

1
𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 sin 𝜃
2

Factoring out common terms and rearranging we get:
𝐹 =𝐹

+𝐹

= 𝑆 𝛾 𝐿𝑊 (sin 𝜃 ) 𝐻 +

1
𝐿 sin 𝜃
2

Now let’s examine the sum of the vertical forces.
𝐹 =𝐹

+𝐹

= 𝑆 𝛾 𝐻𝐿𝑊 cos 𝜃 +

1
𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 cos 𝜃
2

Factoring out common terms and rearranging we get:
𝐹 =𝐹

+𝐹

= 𝑆 𝛾 𝐿𝑊 (cos 𝜃 ) 𝐻 +

1
𝐿 sin 𝜃
2

Now let’s compare FH and FV found above to the horizontal and
vertical components of the resultant force FR found using the basic
equations of hydrostatics. The horizontal component of F R is:
𝐹

,

1
= 𝐹 sin 𝜃 = 𝑆 𝛾 (sin 𝜃 ) 𝐻 + 𝐿 sin 𝜃 𝐿𝑊
2

We see that FR,H is equivalent to FH found by adding the horizontal
components of F1 and F2. We see that the vertical component of
FR is equivalent as well.
𝐹

,

1
= 𝐹 cos 𝜃 = 𝑆 𝛾 (cos 𝜃 ) 𝐻 + 𝐿 sin 𝜃 𝐿𝑊
2

Now let’s examine the moment produced by the horizontal and
vertical component of the hydrostatic forces. Referring to Figure 288, the moment about the hinge is:
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𝑀 =𝐹, 𝑑

+𝐹, 𝑑

+𝐹

,

𝑑

+𝐹

,

𝑑

1
1
𝐿 sin 𝜃 + 𝑆 𝛾 𝐻𝐿𝑊 cos 𝜃 𝐿 cos 𝜃
2
2
1
2
+ 𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 sin 𝜃 𝐿 sin 𝜃
2
3
1
2
+ 𝑆 𝛾 𝐿 sin 𝜃 𝐿𝑊 cos 𝜃 𝐿 cos 𝜃
2
3

𝑀 = 𝑆 𝛾 𝐻𝐿𝑊 sin 𝜃

Now factor out terms that are common to all elements in the
equation. This will help us to simplify the expression above. Notice
that SfwLW is common to all terms. Therefore, we now have:
1
1
𝐿 sin 𝜃 + 𝐻 cos 𝜃 𝐿 cos 𝜃
2
2
1
2
+ 𝐿 sin 𝜃 sin 𝜃 𝐿 sin 𝜃
2
3
1
2
+ 𝐿 sin 𝜃 cos 𝜃 𝐿 cos 𝜃
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻 sin 𝜃

Rearranging we get:
1
1
𝐻𝐿 sin 𝜃 + 𝐻𝐿 cos 𝜃
2
2
1
2
1
2
+ (𝐿 sin 𝜃 ) sin 𝜃 𝐿 + (𝐿 sin 𝜃 ) cos 𝜃 𝐿
2
3
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

Simplifying further we obtain:
1
𝐻𝐿 (sin 𝜃 + cos 𝜃 )
2
1
+ (𝐿 sin 𝜃 ) 𝐿 (sin 𝜃 + cos 𝜃 )
3

𝑀 = 𝑆 𝛾 𝐿𝑊
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Recall the trigonometric identity:
(sin 𝜃 + cos 𝜃 ) = 1
Now our moment equation becomes:
𝑀 = 𝑆 𝛾 𝐿𝑊 (𝐿)

1
1
(𝐿 sin 𝜃 )
𝐻 +
2
3

Which is precisely the same expression we obtained by examining
the moment associated with a single resultant hydrostatic force.
Pressure Prisms and Water Wedges
The free body diagram for the case of pressure prisms and water
wedges is shown in Figure 2- 90 below. We will see that the sum
of the horizontal forces equals the sum of the sum of the horizontal
forces from the previous section. Likewise we will see that the sum
of the vertical forces equals the sum of the vertical forces from the
previous section. Finally we will see that the moments about the
hinge are the same in all cases.
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Gate Width = W

d3
H
Hinge


L

dWW

d1
d2
F1
F2

WW1

F3

Figure 2- 90 - Free Body Diagram for Pressure Prism and Water Wedges

Using the concept of pressure prisms we find the magnitude and
location of the three hydrostatic forces:
𝐹 = 𝑆 𝛾 𝐻(𝐿 sin 𝜃 𝑊)
𝑑 =
𝐹 =

1
𝐿 sin 𝜃
2

1
𝑆 𝛾 𝐿 sin 𝜃 (𝐿 sin 𝜃 𝑊)
2
𝑑 =

2
𝐿 sin 𝜃
3
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𝐹 = 𝑆 𝛾 (𝐻 + 𝐿 sin 𝜃 )(𝐿 cos 𝜃 𝑊)
𝑑 =

1
𝐿 cos 𝜃
2

Remembering that the weight of a volume of fluid is equal to the
specific weight of the fluid times its volume gives:
𝑊𝑊 = 𝑆 𝛾
𝑑

1
𝐿 sin 𝜃 cos 𝜃 𝑊
2
=

1
𝐿 cos 𝜃
3

Let’s add the horizontal forces F1 and F2:
1
𝐹 + 𝐹 = 𝑆 𝛾 𝐻(𝐿 sin 𝜃 𝑊 ) + 𝑆 𝛾 𝐿 sin 𝜃 (𝐿 sin 𝜃 𝑊)
2
Factoring out common terms and rearranging we get:
1
𝐹 + 𝐹 = 𝑆 𝛾 𝐿𝑊 (sin 𝜃 ) 𝐻 + 𝐿 sin 𝜃
2
Notice this is the same horizontal force that we obtained from
resolving forces into their horizontal and vertical components. We
now examine the vertical forces.
𝐹 − 𝑊𝑊 = 𝑆 𝛾 (𝐻 + 𝐿 sin 𝜃 )(𝐿 cos 𝜃 𝑊 ) − 𝑆 𝛾

1
𝐿 sin 𝜃 cos 𝜃 𝑊
2

Factoring out common terms and simplifying we obtain:
1
𝐹 − 𝑊𝑊 = 𝑆 𝛾 𝐿𝑊 (cos 𝜃 ) (𝐻 + 𝐿 sin 𝜃 ) − 𝐿 sin 𝜃
2
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Simplifying further we get:
1
𝐹 − 𝑊𝑊 = 𝑆 𝛾 𝐿𝑊 (cos 𝜃 ) 𝐻 + 𝐿 sin 𝜃
2
Which is precisely what we obtained by summing the vertical
components of the forces in the previous section. In fact, notice
that F1 is equal to the horizontal component of the same
rectangular shaped pressure prism that is acting perpendicular to
the gate in the previous section. Similarly, F2 is the same as the
horizontal component of the triangular pressure prism that is acting
perpendicular to the gate.
Unfortunately treatment of the vertical component is not as
straightforward. The uplift force associated with the rectangular
pressure prism acting on the bottom face of the water wedge,
minus the weight of the water wedge is equal to the vertical
component of the two hydrostatic forces associated with the
rectangular and triangular pressure prisms that act perpendicular
to the gate.
Also you can see that the moment arms are the same in the two
cases thus indicating that the moments will be the same.
Nonetheless, we will compute the moment associated with all
hydrostatic forces to show that in fact all methods produce the
same results.
𝑀 = 𝐹 𝑑 + 𝐹 𝑑 + 𝐹 𝑑 − 𝑊𝑊 𝑑
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𝑀 = 𝑆 𝛾 𝐻(𝐿 sin 𝜃 𝑊)

1
𝐿 sin 𝜃
2

1
2
+ 𝑆 𝛾 𝐿 sin 𝜃 (𝐿 sin 𝜃 𝑊) 𝐿 sin 𝜃
2
3
1
+ 𝑆 𝛾 (𝐻 + 𝐿 sin 𝜃 )(𝐿 cos 𝜃 𝑊) 𝐿 cos 𝜃
2
1
1
− 𝑆 𝛾 𝐿 sin 𝜃 cos 𝜃 𝑊 𝐿 cos 𝜃
2
3
Now factor out terms that are common to all elements in the
equation. This will help us to simplify the expression above.
Notice that SfwLW is common to all terms. Therefore, we now
have:
1
1
2
𝐿 sin 𝜃 + 𝐿 sin 𝜃 (sin 𝜃) 𝐿 sin 𝜃
2
2
3
1
+ (𝐻 + 𝐿 sin 𝜃 )(cos 𝜃) 𝐿 cos 𝜃
2
1
1
− 𝐿 sin 𝜃 cos 𝜃 𝐿 cos 𝜃
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

𝐻(sin 𝜃)

Now we rearrange and simplify to obtain:
1
1
2
𝐻𝐿(sin 𝜃) + 𝐿(sin 𝜃) 𝐿 sin 𝜃
2
2
3
1
1
1
(
)
+ 𝐻 + 𝐿 sin 𝜃 (cos 𝜃) 𝐿 − 𝐿 sin 𝜃 cos 𝜃 𝐿
2
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

Simplifying further we obtain:
1
1
2
𝐻𝐿(sin 𝜃) + 𝐿(sin 𝜃) 𝐿 sin 𝜃
2
2
3
1
1
1
+ (𝐻 + 𝐿 sin 𝜃 )(cos 𝜃) 𝐿 − 𝐿 sin 𝜃 cos 𝜃 𝐿
2
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊
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Expanding we obtain:
1
1
2
𝐻𝐿(sin 𝜃 ) + 𝐿(sin 𝜃 ) 𝐿 sin 𝜃
2
2
3
1
1
+ 𝐻 (cos 𝜃 ) 𝐿 + 𝐿 sin 𝜃 (cos 𝜃) 𝐿
2
2
1
1
− 𝐿 sin 𝜃 cos 𝜃 𝐿
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

Simplifying we get:
1
1
2
𝐻𝐿(sin 𝜃 ) + 𝐿(sin 𝜃 ) 𝐿 sin 𝜃
2
2
3
1
1
1
+ 𝐻 (cos 𝜃 ) 𝐿 + (𝐿 sin 𝜃 (cos 𝜃)) 𝐿 − 𝐿
2
2
6

𝑀 = 𝑆 𝛾 𝐿𝑊

Simplifying further:
1
1
1
𝐻 + 𝐿 sin 𝜃 (𝐿)(sin 𝜃 ) + 𝐻 (𝐿)(cos 𝜃 )
2
3
2
3
1
+ (𝐿 sin 𝜃 (cos 𝜃)) 𝐿 − 𝐿
6
6

𝑀 = 𝑆 𝛾 𝐿𝑊

1
1
1
𝐻 + 𝐿 sin 𝜃 (𝐿)(sin 𝜃 ) + 𝐻 (𝐿)(cos 𝜃 )
2
3
2
2
+ sin 𝜃 (𝐿)(cos 𝜃) 𝐿
6

𝑀 = 𝑆 𝛾 𝐿𝑊

1
1
𝐻 + 𝐿 sin 𝜃 (𝐿)(sin 𝜃 )
2
3
1
1
+ 𝐻 + 𝐿 sin 𝜃 (𝐿)(cos 𝜃 )
2
3

𝑀 = 𝑆 𝛾 𝐿𝑊

𝑀 = 𝑆 𝛾 𝐿𝑊

1
1
𝐻 + 𝐿 sin 𝜃 (𝐿)(sin 𝜃 + cos 𝜃 )
2
3
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Again using the trigonometric identity where the sum of the sin
squared and cosine squared equals one gives the expression
below which is precisely the same expression for the moment
about the hinge using the previous three methods.
𝑀 = 𝑆 𝛾 𝐿𝑊 (𝐿)

1
1
𝐻 + 𝐿 sin 𝜃
2
3

The analysis presented in this section has attempted to
demonstrate that each of the four methods used to compute the
hydrostatic forces and moments are exactly the same. Even
though we applied the method to a rectangular area, we could have
applied the method to a nonrectangular area and produced the
same end results – that all methods give the same solution. Notice
that in each of the methods we factored out the quantity LW which
is the area of the rectangular gate. We could have simply used an
irregular area and factored out that area A.
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Buoyancy and Floatation

Objects will float in a liquid provided that they displace a volume of
liquid equal or greater than the weight of the object. This is the
idea behind one of the first great discoveries in fluid mechanics –
Archimedes Principle. Archimedes of Syracuse, born in 287 BC, is
a famous Greek mathematician, physicist, engineer, inventor and
astronomer. His study of the behavior of floating objects was
pioneering work in fluid mechanics at the time. Archimedes
Principle states that the upward buoyant force acting on a partly or
completely submerged object is equal to the weight of the fluid
displaced by the object.
Consider the block having the dimensions of L x M x D floating in a
fluid having a density of f as shown in Figure 2- 91. The buoyant
force, FB, acting on the bottom of the block is equal to the pressure
at the bottom of the block times the area over which the pressure
acts:
𝐹 = 𝑃𝐴 = 𝛾 ℎ (𝑀𝐷 )
Notice that the depth to which the block sinks, h, times the area
M*D is equal to the volume of displaced fluid. Further notice that
the specific weight of the fluid times the displaced volume is equal
to the weight of the displaced volume. Thus we can see that the
buoyant force is equal to the weight of the displaced fluid.
𝐹 = 𝛾 𝑉𝑜𝑙

=𝑊

Eq. (2- 68)
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M
L x M x D Block

L

h

W
P = fh

FB

Z
X
Y

Figure 2- 91 – Object Floating in a Fluid

Assuming that the block is stationary (static – the block does not
move) then Newton’s 2nd Law can be written as:
𝐹 =𝐹 −𝑊 =0
Eq. (2- 69)

Substituting Eq. (2- 68) into Eq. (2- 69) gives:
𝑊=𝐹 =𝑊
Eq. (2- 70)

Thus another concept in floatation is that an object displaces a
volume of fluid equal in weight to the weight of the object. Now
let’s look at the case of a completely submerged object shown in
Figure 2- 92.
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L x M x D Block

F1

h1

P1 = fh1
M

h2

L
W
Z

P2 = fh2

X

F2
FB

Y

Figure 2- 92 – Object Submerged in a Fluid

The buoyant force is the net upward force acting on the
submerged object. In other words:
𝐹 =𝐹 −𝐹
Recall that force equals pressure times area. Also using a
hydrostatic pressure distribution we have:
𝐹 = 𝑃 𝐴 − 𝑃 𝐴 = 𝛾 ℎ 𝐴 − 𝛾 ℎ 𝐴 = 𝛾 𝐴(ℎ − ℎ )
Notice that for a completely submerged object, the difference in
the fluid depth between the bottom and the top of the object is
equal to the length of the object, L. The length of the block times
the area is clearly equal to the volume of the block. Therefore,
the buoyant force becomes:
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𝐹 = 𝛾 𝐴(ℎ − ℎ ) = 𝛾 𝐴𝐿 = 𝛾 𝑉𝑜𝑙
Again notice that the specific weight of the fluid times the
displaced volume equals the weight of the displaced fluid. Again
Eq. (2- 68), which is Archimedes Principle, applies.
3.7.1.

Buoyancy and Flotation – Example #1

Concepts related to fluid statics can be used to determine how
deep an object will sink in a particular fluid. Consider the floating
block shown in Figure 2- 91. Let’s assume that the block has the
following dimensions: L x M x D = 3’ x 2’ x 4’ and that the specific
gravity of the material making up the block is S Block = 0.75. Find
the depth to which the block sinks if the specific gravity of the fluid
is Sf = 1.50.
First we apply Eq. (2- 69) thus assuming that the block is at rest.
𝐹 =𝐹 −𝑊 =0
Eq. (2- 69)

The buoyant force can be expressed as:
𝐹 = 𝑃𝐴 = 𝛾 ℎ (𝑀𝐷 ) = 𝑆 (𝛾 ℎ)(𝑀𝐷 )
Eq. (2- 71)

The weight of the block can be expressed as:
𝑊=𝛾

𝑉𝑜𝑙 = (𝛾

)(𝐿𝑀𝐷 ) = 𝑆

(𝛾 )(𝐿𝑀𝐷 )

Eq. (2- 72)

Substituting Eq. (2- 71) and Eq. (2- 72) into Eq. (2- 69) gives:
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𝐹 = 𝐹 − 𝑊 = 𝑆 (𝛾 ℎ)(𝑀𝐷 ) − 𝑆

(𝛾 )(𝐿𝑀𝐷 ) = 0

Eq. (2- 73)

Simplifying the expression above gives:
𝑆 (𝛾 ℎ)(𝑀𝐷 ) = 𝑆

(𝛾 )(𝐿𝑀𝐷 )

Solving for the depth in which the block sinks in the fluid we have:
ℎ=

𝑆

(𝛾 )(𝐿𝑀𝐷 ) 𝑆
(𝐿)
𝑆
=
=
𝑆 (𝛾 )(𝑀𝐷 )
𝑆
𝑆

𝐿

Eq. (2- 74)

For the data presented for this problem, the depth to which the
block sinks is:
ℎ=

3.7.2.

𝑆
𝑆

𝐿=

0.75
(3 𝑓𝑡) = 1.50 𝑓𝑡
1.50

Buoyancy and Flotation – Example #2

The principles presented above can be used to prove that the
majority of an iceberg is located below the surface of the ocean.
The density of seawater varies with salinity, temperature and
depth but at the ocean surface can generally assumed to be
(seawater) = 1.025 kg/l. The density of freshwater is 0.999 kg/l.
This gives a specific gravity of seawater of S(seawater) = 1.026.
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Freshwater
S = 1.000
Seawater
S = 1.026

Figure 2- 93 - Freshwater Iceberg in Ocean

We apply Eq. (2- 73) recognizing that the buoyant force is equal
to the weight of the displaced fluid.
𝐹 =𝐹 −𝑊
(𝛾 )𝑉𝑜𝑙

=𝑆
=0

−𝑆

(𝛾 )𝑉𝑜𝑙

The ratio of the displaced volume to the total iceberg volume is:
𝑉𝑜𝑙
𝑉𝑜𝑙

=

𝑆
𝑆

(𝛾 ) 𝑆
=
(𝛾 )
𝑆

Eq. (2- 75)

The displaced volume is equal to the volume of the iceberg minus
the volume of the iceberg above the fluid surface. In equation
form this is:
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𝑉𝑜𝑙

= 𝑉𝑜𝑙

− 𝑉𝑜𝑙

Substituting this equation into Eq. (2- 75) gives:
𝑉𝑜𝑙

− 𝑉𝑜𝑙
𝑉𝑜𝑙

=

𝑉𝑜𝑙
=1−
𝑉𝑜𝑙

𝑉𝑜𝑙
𝑉𝑜𝑙
=

−

𝑉𝑜𝑙
𝑉𝑜𝑙

𝑆
𝑆

Eq. (2- 76)

Using Eq. (2- 76) we can compute the volume of an iceberg that
lies above the surface. This is shown below:
𝑉𝑜𝑙
𝑉𝑜𝑙

=1−

𝑆
𝑆

=1−

1.000
= 0.025 = 2.50%
1.026

Eq. (2- 77)

The example above shows that 97.5% of the volume of an
iceberg lies below the surface of the ocean. A fact that many
mariners have known yet perhaps not respected.
3.7.3.

Buoyancy and Flotation – Example #3

Consider the 3 ft cube shown in Figure 2- 94. The top half of the
cube has a specific gravity of S1 while the bottom half of the cube
has a specific gravity of S2. Also note that the cube is immersed
in two fluids with specific gravities of S = 0.6 and S = 2.2. Find the
depth that the cube sinks (X) when S1 = 0.8 and S2 = 1.57.
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X
SF1 = 0.6
B
S1

1.50’
SF2 = 2.2

15’

S2
C

Figure 2- 94 - Submerged Block

This problem is solved by first drawing a free body diagram and
recognizing that there is a force, F1, due to hydrostatic pressure
acting downward perpendicular to the block. Likewise, there is
another hydrostatic force, F2, acting upward on the bottom of the
block. There is also the weight of the block. The free body diagram
for this problem is shown below.
The magnitude of the hydrostatic forces, F1 and F2, are equal to the
pressure at the location times the area over which the pressure
acts.
𝐹1 = (𝑃1)𝐴
𝐹2 = (𝑃2)𝐴
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Figure 2- 95 - Free Body Diagram of Submerged Cube

From the basic equations of fluid statics we know that:
𝑃1 = 𝑆𝐹1𝛾 𝑋 = 0.6𝛾 𝑋
𝑃2 = 𝑆𝐹1𝛾 (𝑋 + 𝐿) + 𝑆𝐹2𝛾 (3 − 𝐿)
𝑃2 = 0.6𝛾 (𝑋 + 𝐿) + 2.2𝛾 (3 − 𝐿)
Where L is the distance from the top of the cube to the interface
of the two liquids. The weight of the cube is:
𝑊 = 𝛾𝑉𝑜𝑙 = 𝑆1𝛾 (1.50)𝐴 + 𝑆2𝛾 (1.50)𝐴
= (0.80 + 1.57)𝛾 (1.50)𝐴
𝑊 = 2.37𝛾 (1.50)𝐴 = 3.56𝛾 𝐴
Now we sum the forces in the Z-direction and set equal to zero as
© 2002-2022 WaterWare Consultants. All rights reserved.

CEE 313 Course Notes

Page 181

shown below.
𝐹 = 𝐹2 − 𝐹1 − 𝑊 = 0
Substituting expressions for forces into the equation above gives:
[0.6𝛾 (𝑋 + 𝐿)𝐴 + 2.2𝛾 (3 − 𝐿)𝐴] − 0.6𝛾 𝑋𝐴 − 3.56𝛾 𝐴 = 0
Note that the specific weight of water, w, and the area, A, are
common to all terms and therefore can be factored out. We now
have:
[0.6(𝑋 + 𝐿) + 2.2(3 − 𝐿)] − 0.6𝑋 − 3.56 = 0
Simplifying gives:
0.6𝐿 + 6.6 − 2.2𝐿 − 3.56 = 0
Solving for L gives:
1.6𝐿 = 3.04
𝐿=

3.04
= 1.9 𝑓𝑡
1.6

Knowing L we can find the depth below the surface of the first
liquid, X.
𝑋 = 7 − 𝐿 = 7 − 1.9 = 5.1 𝑓𝑡
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